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ABSTRACT 

This  study  addressed  itself  to  the  development  of  a  stress-strength 
Interference  Theory  in  the  form  of  a  practical  engineering  tool,  to  be  used 
for  designing  ana  quant.iiabi.vely  predicting  the  reliability  of  mechanical 
parts  and  components  subjected  to  mechanical  loading. 

Early  practices  in  stress-strength  te  latiCuSh  ip  deslt  almost 
entirely  along  the  lines  of  factors  of  safety.  Utilization  of  such  factors 
is  justified  when  they  are  based  on  considerable  experience  with  parts  not 
too  different  from  the  one  under  consideration.  However,  when  substantial 
changes  in  the  geometry,  the  processing,  or  the  function  of  the  part  are 
contemplated,  a  major  error  may  result  if  the  old  factors  of  safety  are 
projected  to  the  new  set  of  conditions. 

In  the  present  investigation  an  approach  was  used  which  attempted 
to  recognize  the  above  limitations, Instead  of  an  indiscriminate  grouping 
of  all  the  variables  affecting  stress  and  strength  into  one  index  (factor 
of  safety)  these  variables  were  individually  recognized.  The  principal 
variable  la  the  scatter  in  the  stresses  Imposed  on  the  part  and  in  the 
strength  of  the  material  resisting  these  stresses. 

The  prevailing  practice  la  to  uae  the  mean  values  of  the  calculated 
stress  and  strength,  ignoring  the  natural  scatter  thet  each  may  possets. 
However,  the  variability  in  these  two  factors  results  in  a  statistical 
distribution  of  stress  and  strength.  Wien  these  two  distribution*  interfere, 
thet  is  when  stress  becomes  higher  than  strength,  failure  results.  Means 
of  expressing  thesr  distributions,  in  a  practical  engineering  sense,  end 
mesna  of  calculating  the  resulting  interferences,  represent  the  heart  of 
the  present  study. 

The  problem  of  strength  distribution  was  approached  with  the  aid 
of  S-N  curves.  A  great  deal  of  fatigue  data  was  gathered  for  various 
materials,  heat  treatments,  surface  conditions,  etc.  About  757.  of  these 
dsvs  were  obtained  from  the  Mechanical  Properties  Data  Center,  Traverse 
City,  Michigan,  which  also  provided  some  tensile  and  strength  rupture 
information.  The  rest  of  the  data  cams  from  literature  and  other  sources. 

The  fatigue  data  thus  obtained  ware  then  converted  Into  strength 
data  which  portrayed  the  scatter  of  strength  «t  a  given  life.  Several 
methods  of  expressing  the  resultant  distribution  were  studied  end  the  Welbull 
distribution  wes  decided  on  at  the  most  affective  means  of  expressing  the 
strength  distribution  in  the  Interference  Theory.  For  each  material,  heat 
treatment,  surface  condition,  etc.  studied  Veibull  parameters  were  calculated, 
and  these  ere  tabulated  in  Appendix  1.  Pertinent  information  waa  then 
plotted  end  the  graphs  were  incorporated  in  the  body  of  the  report  1 
(Section  6) . 

The  problem  of  atreas  distribution  (Section  7)  turned  out  to  be 
much  more  involved.  When  one  apeak*  of  "stress  distribution"  he  usually 
refers  to  e  spectrum  of  loading  or  stresses  to  which  a  part  is  subjected. 


Indeed,  most  of  the  available  data  on  the  subject  is  expressed  in  this 
manner.  In  an  engineering  sense,  this  kind  of  a  distribution  means  number 
of  times  that  a  given  part  is  subjected  to  a  given  load  or  stress.  In  the 
Interference  Theory,  however,  this  is  not  what  is  wanted.  For  consistency 
with  the  strength  distribution  the  number  of  parts  subjected  to  a  given 
stress  is  required  instead. 

In  the  present  study  the  required  stress  distribution  was  obtained  ^ 

by  converting  the  stress  spectrum,  which  generally  has  some  mean  stress,  into 
a  spectrum  with  zero  mean,  with  the  aid  of  the  Goodman  diagram.  This  was 
done  to  facilitate  the  conversion  of  the  resultant  spectrum  into  an 
equivalent  stress,  based  on  zero  mean  stress.  The  conversion  was  accom¬ 
plished  by  means  of  Miner's  rule.  '  The  required  stress  distribution  was 
then  expressed  in  terms  of  the  equivalent  stress.  This  distribution  was 
then  compared  with  the.  strength  distribution  to  determine  the  degree  of  inter¬ 
ference  . 


From  an  extensive  literature  survey  made  in  the  course  of  this 
study,  It  was  found  that  most  investigations  have  assumed  both  the  stress 
and  strength  distribution  to  be  normal.  In  those  cases  when  they  were  not 
normal  a  Monte-Carlo  technique  was  employed,  This  Involved  a  sophisticated 
means  of  randomly  selecting  a  sample  from  one  distribution  and  comparing  It 
with  a  sample  from  a  different  distribution. 

In  view  of  serious  limitations  of  the  Monte-Carlo  technique  a 
method  of  Integrals  was  developed  (Appendix  3  and  AppendjLx  4)  and  used  in 
the  present  study.  This  method  involved  developing  an  integral  resulting 
from  the  interference  of  two  distributions  and  calculating  this  complex 
integral  with  the  IBM  -  7090  computer  using  MAD  language. 

Although  the  interference  of  several  distributions  was  considered 
the  final  tabulated  Interference  values  were  restricted  to  the  cases  when 
the  stress  distribution  was  normal  and  strength  distribution  waa  Weibull, 
and  when  both  distributions  were  Weibull  (Appendix  2).  This  represents 
diatributions  most  frequently  encountered  in  actual  engineering  practice. 

In  order  to  show  the  application  of  the  Interference  Theory 
Technique,  developed  In  the  present  study,  an  example  waa  solved,  an  des¬ 
cribed  in  Section  9. 
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This  study  wus  addressed  to  the  development  of  a  practical  reli¬ 
ability  enriineerinf*  tool  to  be  used  in  predicting  tne  reliability  of 
mechanical  parts  fabricated  from  ferrous  r.ietals  and  subjected  to  dynamic 
loading.  Tl.  •  tool  was  to  be  based  on  the  :;tre3s-,';trenprth  Interference 
Tneory  and  to  be  usable  by  design  engineers  with  little  or  no  statisti¬ 
cal  background.  / 

The  study  has  provided  a  prediction  technique  which  is  almost  "cook¬ 
book"  in  nature  and  requires  a  minimum  amount  of  computation.  Once  tne 
values  of  the  parameters  of  the  interfering  distributions  nave  been  deter¬ 
mined,  the  probability  of  failure  is  obtained  directly  from  tables  con¬ 
tained  in  tne  report.  Within  the  limitations  that  the  material  must  be 
ferrous  and  the  failure  mechanism  must  be  fatigue,  tne  reliability  of  in 
almost  unlimited  number  of  parts  can  be  predicted.  For  example,  a  few 
are  Rears,  bolts,  shafts,  springs,  torsion  bars,  vehicle  frames  and  sus¬ 
pensions,  landing  gears,  forced  air  frame  members,  etc.  The  engineering 
and  statistical  basis  for  the  technique  are  such  that  tnere  is  every 
reason  to  believe  that  predictions  based  on  this  technique  will  be  real¬ 
istic.  However,  the  precision  wiil  depend  to  a  large  extent  on  the  ac¬ 
curacy  of  the  stress  distribution.  If  this  distribution  is  based  on 
measurements  much  greater  precision  will  result  than  for  the  case  where 
only  the  mean  stress  is  known  and  the  variability  is  estimated. 

DONALD  W.V  FULTON 
Reliability  Engineering  Section 
Reliability  Branch 
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SECTION  1  INTRODUCTION 


A  complete  cycle  of  relfsbility  is  up  of  "our 

1.  Specification  of  Reliability;  2.  Prediction  of  Reliability;  3.  Veri¬ 
fication  of  Reliability:  4.  Preservation  of  Reliability.  The  heart  of 
the  second  stage,  namely,  the  Prediction  of  Reliability,  is  the  Inter¬ 
ference  Theory. 

The  basic  idea  behind  reliability  is  that  a  given  part  has  certain 
physical  properties,  which,  if  exceeded,  will  result  in  failure.  The 
factor  which  may  cause  these  properties  to  be  exceeded  is  the  stress  im¬ 
posed  by  the  operating  conditions.  Thus,  in  prediction  of  reliability 
it  is  not  the  stress  alone  or  the  strength  alone  that  are  the  determining 
factors  but  the  combined  effect  of  the  two. 

Early  practices  in  stress-strength  relationship  dealt  almost  en¬ 
tirely  along  the  lines  of  factors  of  safety.  Once  a  part  was  designed  and 
the  ratio  of  strength  to  stress  was  in  the  range  of  approximately  5  to 
10  it  was  considered  to  be  safe  for  service.  In  certain  industries  and  in 
certain  applications  factors  of  safety  as  high  as  20:1  were  employed. 

V 

The  definition  of  the  factors  of. safety  varied  from  user  to  user, 
depending  on  the  sophistication  and  the  complexity  of  the  problem. 

Soma  of  these  definitions,  found  in  literature,  are  listed  below: 


Factor  of  Safety  *» 
Factor  of  Safety  ■ 
Factor  of  Safety  « 
Factor  of  Safety  a 
Factor  of  Safety  ■ 
Factor  of  Safety  - 
Margin  of  Safety  ■ 
Design  Factor  ■ 
Factor  of  Utilization 


Ultimate  Strength 
Nominal  Stress 

Yield  Strength 
Nominal  Stress 

Ultimate  Strength 
Actual  Working  Stress 

Yield  Strength _ 

Actual  Working  Stress 

Maximum  Safe  Load 
Normal  Load 

Computed  Strength 
Computed  Load 

Strength-Stress 

Stress 

Strength _ 

Design  Stress 

Stress 
Strength 


Magnitude  of  Variable 
Producing  Failure 

T7 . . rs ,,  t  -t  «  1  n - -  n - * -  — -  °  - - 

‘  Magnitude  of  Variable  at 

Operating  Conditions 

where  the  variable  could  be  force, 
power,  torque,  material,  surface 
finish,  fillet  radius,  etc. 

Apparently  the  factor  of  safety  was  meant  to  account  for  all  the 
variables  which  were  known  to  affect  the  stress  and  strength  of  the  member. 
The  utilization  of  a  factor  of  safety  of  this  kind  has  justification, 
only  when  its  value  is  based  on  considerable  experience, with  parts  not  too 
different  from  the  one  under  consideration.  However,  when  substantial 
changes  in  the  geometry,  the  processing,  or  the  function  of  the  part  are 
contemplated,  a  major  error  may  result  if  the  old  factor  of  safety  is  pro¬ 
jected  to  the  new  set  of  conditions. 

This  is  illustrated  by  the  problem  of  automotive  axle  shafts  which 
have  been  failing  in  service  in  large  numbers.  These  shafts  have  been  fab¬ 
ricated  from  a  steel  with  a  tensile  strength  of  240,000  psi,  and  yet,  the 
operating  stresses  as  measured  in  actual  service  were  found  to  be  only 
13,000  psi.  This  produced  an  apparent  factor  of  safety  of  240,000/13,000 
18.5.  This  is  obviously  a  fictitious  value,  since  the  shafts  were  failing 
in  service,  and  the  true  factor  of  safety  was  less  than  one.  The  explana¬ 
tion  Ilea  in  the  fact  that  axle  strength  to  be  compared  with  the  13,000  psi 
operating  stress  should  not  have  been  the  ultimate  strength  of  the  material 
(240,000  psi)  but  the  fatigue  strength  corresponding  to  the  surface  finish 
of  the  shafts,  the  mode  of  loading  to  which  the  shaft  was  subjected,  etc. 

When  the  ultimate  strength  was  reduced  by  these  derating  factors  the  resul¬ 
tant  value  was  found  to  be  12,000  psi.  This  strength,  when  compared  with 
the  13,000  psi  stress  produced  the  realistic  factor  of  safety  of  0.9. 

Examples  s . -h  as  this  lead  to  the  next  phase  in  the  relationship 
between  stress  and  strength,  namely  to  the  concepts  of  a  significant  stress 
and  a  significant  strength.  By  significant  stress  is  meant  the  actual 
stress  imposed  on  the  part  and  it  may  include  the  effect  of  stress  raisers, 
magnification  due  to  impact  loading,  residual  stresses,  etc.  3y  significant 
strength  is  meant  the  actual  strength  of  the  part  in  its  fabricated  form, 
under  actual  operating  conditions.  A  rational  approach.to  significant 
strength  still  employs  ultimate  strength  as  the  basis.  However,  insteed  of 
an  indiscriminate  grouping  of  all  the  factors  affecting  the  ultimate  strength 
into  one  index,  it  attempts  to  evaluate  quantitatively  the  effect  of  each 
individual  factor  pertaining  tc  the  part  and  the  conditions  under  considera¬ 
tion.  The  result  is  a  value  which  is  strictly  applicable  to  the  part  under 
conaideration  and  to  the  set  of  loading  conditions  to  which  the  part  is 
subjfcted  in  service.  The  principal  factors  affecting  strength  and  which 
must  be  considered  in  determining  the  significant  strength  are:  life 
expectancy,  type  of  loading,  (axial,  bending,  torsional,  or  a  combination), 


2 


i 


1 


i  size  effect,  surface  finish,  surface  treatment,  notch  efietU,  mode  of 

I  loading  (static,  completely  reversed  dynamic,  or  a  combination), 

i 

v 

s  1  These  concepts  of  significant  stress  and  significant  strength 

|  represent  a  major  step  toward  a  more  realistic  prediction  of  reliability 

f.  and,  as  such,  they  have  been  included  in  the  present  Investigation.  By 

|  A  themselves,  however,  they  are  not  sufficient.  This  is  because  the 

j.  prevailing  practice  is  to  use  the  mean  values  of  the  calculated  strength 

«-  and  stress,  ignoring  the  natural  scatter  that  stresses  and  strengths  may 

'■>  have . 

ft 

The  variability  in  these  two  factors  results  in  the  existence  of 
a  statistical  distribution  function  of  stress  and  strength  (See  Figure 
;  2,1)  and  is  the  heart  of  the  Interference  Theory.  Thus,  for  proper  pre¬ 

diction  of  reliability,  an  estimate  must  be  made  of  both  the  mean  value 
and  the  dispersion  characteristics  of  both  the  strength  and  stress. 

i 

V 

The  strength  of  the  part,  as  all  properties  of  non-homogeneous 
materials,  varies  from  specimen  to  specimen,  in  view  of  the  variation  in 
hardness,  surface  finish,  degree  of  stress  concentration,  etc.  The  opera¬ 
ting  stress  imposed  on  the  part  varies  too.  These  stresses  vary  from  time 
to  time  in  a  particular  part,  from  part  to  part  in  a  particular  design,  and 
from  environment  to  environment.  Therefore,  both  the  mean  value  and  the 
dispersion  characteristics  of  stress  and  strength  must  be  determined.  ' 

Once  these  parameters  are  found,  percent  interference  and  thus 
€  probability  of  failure  can  be  determined  from  the  interference  area 

(shaded  area  in  Figure  2.1).  Means  of  computing  these  interferences  repre¬ 
sent  one  of  the  principal  objectives  of  the  present  investigation. 


SECTION  2  InTESrisKKNCE  THEORY 

Suppose  there  are  two  barrels  containing  slips  of  paper,  each 
having  s  number  printed  on  it.  The  numbers  in  barrel  Y  are  distributed 
according  to  distribution  Y,  as  in  Figure  2.1,  and  the  numbers  in  barrel 
X  are  distributed  according  to  distribution  X.  If,  at  random,  clips  of 
paper  from  each  barrel  are  selected  and  paired,  they  may  be  classified  into 
successes  and  failures.  A  success  is  constituted  by  a  strength  value  ex¬ 
ceeding  a  stress  value,  as  for  example,  when  >  yj.  Failure  will  occur 

if  X2  s  yg  as  shown.  It  will  be  noted  that,  although  the  shaded  area 
is  a  measure  of  interference,  it  is  not  interference  itself:  a  pair  of 
points  x^  and  y^,  although  in  the  shaded  area,  will  not  produce  failure. 
<By  continued  pairing  of  stresses  and  strengths,  at  random,  pairs  will  be 
fpund  where  the  stress  will  exceed  the  strength.  By  continued  experi¬ 
mentation  a  good  estimate  of  the  probability  of  interference  can  be  found. 


2 . 1  Two  Normal  Distributions 

From  an  exhaustive  survey  of  literature  made  during  this  investi¬ 
gation  it  was  found  that  moat  studies  have  assumed  both  the  stress  and  the 
strength  distribution  to  be  normal.  This  is  a  natural  ataumption  to  make 
in  order  to  solve  a  practical  problem,  as  no  work  was  found  dealing  with 
an  analytical  expression  for  two  interference  distributions  when  they  are 
not  normal. 

When  the  stress  and  strength  distributions  are  assumed  to  be  ^ 
normal  the  probability  of  interference  can  be  determined  from  the  equation: 


(2.1) 


where  u  ■  mean  stress 

w 

nx  *  mean  strength 

a  2  *  stress  variance 

«7 

a*.2  *  strength  variance 

Z  ■  standardized  normal  variate  determined  f r< •m 

standard  tables.  (See  Table  2.1) 


Figure  2.1  Interference  of  Strata  and  Strength  Distribution* 
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Thus,  if  Che  average  atreaa  la  30  kai,  with  a  standard  deviation  of 
3  kai,  and  the  average  strength  ia  50  kai  with  atandard  deviation  of  10  kal, 
z  -  1.91  and  from  Table  2.1  o  ,  which  repreaenta  interference,  ia  found  to  be 
.0281.  Thua,  percent  Interference,  (probability  of  failure)  la  2.81%. 

In  practical  applicationa  of  the  Interference  Theory  the  following 
problem  ariaea:  both  dlatributlona  under  conaideratlon  extend  to  plua  and 
minue  infinity.  It  la  apparent,  therefore,  that  any  two  dlatributlona  will 
overlap  and  cauec  interference.  Thia,  of  courae,  ia  erroneoue  becauae 
aome  dlatributlona,  auch  aa  atrength,  muat  have  a  finite  lower  bound  of  zero. 
In  many  eituatlona  the  phyalcal  aet-up  and  the  oarnple  alee  adjuat  for  thia 
lower  bound.  Tor  example,  auppoae  a  part  were  dealgned  ao  that  the  atrength 
dlatribution  ia  placed  6a  away  from  the  atreaa  diatrlbutlon,  both  diatri- 
butiona  having  atandard  deviation  equal  to  a  .  From  equation  2.1  it  ia 
found: 


Z 


4.24 


and  the  probability  of  interference  cornea  out  to  be  .00001.  Thia  meana 
that  only  one  part  will  fall  in  100,000  parta  produced,  If  actually  only 
50,000  parta  are  made,  the  physical  problem  haa  affectively  truncated 
the  dlatributlona. However,  the  probability,  of  one  part  remains  .00001.  This 
means  that  due  to  sample  aize  the  extrema  portions  of  these  distributions  ere 
no  longer  important  since  the  sample  size  is  auch that  not  even  one  failure  can 
be  expected. 


Tor  the  ease  of  application  of  the  Interference  Thaory ,  a  graph 
waa  constructed,  aa  shown  In  Figure  2.2.  The  example  solved  previously 
through  equation  (2.1)  now  yielda:  ^1  "  50ksl-50kBi 

°min  i 


m 


6.67  and 


°max 
■  °min 


lOksl 

3ksi 
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end  the  probability  of  interference 
cornea  out  approximately  0.03,  aa  bafore. 


2.2  Consistency  of  Two  Dlatributlona 

In  the  application  of  the  Interference  Theory  the  following  impor¬ 
tant  point  must  be  considered;  the  diatrlbutlon  of  strata  and  tha  dlatri¬ 
bution  of  atrength  muat  ba  consistent  with  each  other.  In  a  fatlgua  teat 
or  in  actual  application  In  aarvlca,  a  single  part  haa  a  single  fetigue  life 
for  e  given  loading  condition.  Subsequent  taatlng  of  additional  parts 
undar  thw  earns  load  will  show  a  scatter  in  life,  leading  to  a  Ufa  distri¬ 
bution.  Through  mora  extensive  taatlng  a  strength  diatrlbutlon  for  a 
givan  Ufa  can  ba  obtained,  such  aa  the  distribution  in  Figure  2.1  (tha  method 
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of  obtaining  a  strength  distribution  from  a  life  distribution  is  described 
in  Section  6). 

It  follows  then  that  for  •  consistent  development*  stress  distribu¬ 
tion  must  be  of  the  same  nature  as  strength  distribution.  Thet  is,  it 
should  represent  the  plot  of  the  frequency  of  occurrence  versus  the  applied 
stress.  This  is  not  the  same  as  stress  distribution  conventions lly  de-ived 
from  the  spectrum  of  loading  acting  on  the  pert.  The  conversion  of  one  to 
the  other  must  be  accomplished  through  the  use  of  the  equivalent  stress 
(SeqU)  *nd  Miner's  or  Corten-Dolen'e  Rules.  This  is  the  method  used  in 
theHpresent  investigation,  as  described  in  Section  7. 


2 , 3  Non -Normal  Distribution a 


So  far  the  discussion  has  been  limited  to  the  cases  when  both  the 
stress  and  strength  distributions  can  be  assumed  to  be  norma!..  In  canoe 
when  either  one  ur  both  are  not  normal  the  problem  ia  much  more  involved. 

For  example,  the  intersection  of  a  normal  and  a  log-normal  distribution 
produces  e  distribution  of  an  unknown  origin. 

In  the  peat,  problems  such  as  this  were  solved  largely  through 
"brute  force'V  by  s  method  c oration ly  referred  to  sa  the  Monte-Carlo  Technique. 
Essentially,  the  Monte-Carlo  Technique  consists  of  a  sophisticated  meant*  of 
randomly  selecting  a  sample  from  one  distribution  and  comparing  it  with 
a  sample  taken  from  a  dlffarent  distribution.  This  is  accomplished  with 
tha  aid  of  Tables  of  Random  Numbers,  The  resultant  paired  date  ara  plotted 
aa  a  Cumulative  Density  Function  on  a  Probability,  Woibull,  etc.  paper  and 
percent  interference  iu  rend  from  the  graph. 


2.4  The  Integral  Method 

In  the  present  investigation  a  Method  of  Integrals  was  used  in 
preference  to  the  Monte-Carlo  Technique.  This  method  involves  determining 
the  expression  resulting  from  tha  interference  of  the  two  distributions 
under  consideration  tnd  establishing  percent  interference  from  this  integral. 

The  advantages  of  the  Integral  Method  are:  * 

1.  For  sms  distributions  tha  integrals  have  been  already  tabu¬ 
lated  and  percent  interference  can  be  read  directly  from  the  , 
table. 

2.  In  those  cases  where  the  integrals  have  not  bean  already  tabu¬ 
lated,  they  can  be  evaluated  by  Numerical  Analysis  as  dona 

In  tha  praaant  invostlgation. 


'j.  The  major  shortcoming  of  the  Monte-Carlo  Technique  is  that  it 
requires  a  very  large  sample  size  for  any  accuracy.  This  short¬ 
coming  is  avoided  when  the  Integrals  are  used. 

4.  One  of  the  objectives  of  the  present  study  it  to  develop  and 
evaluate  an  analytical  expression  for  interference  of  any  two 
distributions.  Such  an  expression  is  possible  when  the  Method 
of  Integrals  is  used,  but  not  when  the  Monte-Carlo  Technique  is 
employed . 


SECTION  3  OBJECTIVES  OF  THE  PRESENT  STUDY 


The  objectives  of  the  study  described  In  this  report  were: 

1.  To  refine  and  to  reduce  to  practice  the  stress/strength 

Interference  Theory  technique  for  designing  for  and  predicting 
the  quantitative  reliability  of  mechanical  parts  and  components 
under  mechanical  loading.  Maximum  use  was  to  be  made  of 
empirical  practical  engineering  values  as  well  as  a  sound 
theory. 

2.  To  study  the  effect  of  such  factors  as  type  of  loading,  surface 
finish,  temperature,  heat  treatment,  stress  concentration,  and 
surface  treatment  on  the  statistical  distribution  of  fatigue 
strength. 

3.  To  determine  from  the  existing  available  empirical  data  the 

distribution  of  tha  fatigue  strength  under  the  effect  of  each 
of  the  above  factors.  J 

4.  To  develop  tha  means  of  synthesizing  the  strength  distribution 
function  when  auch  function  is  non-time  variant,  l.e.,  infinite 
life  design  (infinite  fatigue  strength),  end  when  such 
function  ia  time  variant  l.e.  finite  life  design  (Unite  fatigue 
strength) . 

5.  To  develop  an  analytical  expression  of  the  distribution  of 
Interference  for  the  general  case  where  the  interfering  distri¬ 
butions  are  different. 


SECTION  4 


STUDY  APPROACH 


4.1  LITERATURE  SEARCH 

At  the  outset  of  the  investigation  an  exhaustive  literature 
search  was  made  to  determine  the  State  of  the  Art  in  the  field  of  Relia¬ 
bility  Prediction-Mechanical  Stress/Strength  Interference.  Some  of  the 
specific  topics  covered  were:  Interference  Theory,  Mathematical  Tools 
as  related  to  the  Interference  Theory,  Monte-Carlo  Technique,  Reliability 
Prediction,  Fatigue  of  Metals  under  different  conditions,  Statistical 
Analysis  of  Fatigue  Data,  Spectral  Loading,  Cumulative  Damage  due  to 
Spectral  Loading,  etc.  The  sources  where  pertinent  information  was  located 
are  listed  in  the  Bibliography.  No  references,  however,  were  found  dealing 
with  the  specific  work  objectives  listed  in  Section  3,  thus  confirming 
the  basic  need  for  this  type  of  information. 


4.2  THEORETICAL  ANALYSIS 

One  of  the  objectives  of  this  investigation  was  to  develop  and 
evaluate  an  analytical  expression  for  the  interference  of  two  distribu¬ 
tions.  When  the  two  distributions  are  normal  the  interference  can  be 
simply  expressed  by  a  z-distribution,  as  described  in  Section  2.  From  an 
extensive  survey  of  literature  no  work  was  found  dealing  with  the  analytical 
expression  when  the  two  interfering  distributions  are  not  normal.  The 
purpose  of  this  phase  of  the  investigation,  then,  was  to  develop  such  an 
expression. 


For  reasons  stated  in  Section  2jthe  Method  of  Integrals  was 
chosen  and  an  analytical  expression  was  developed  for  the  general  case 
of  two  interfering  distributions.  This  would  include  cases  such  as  Weibull- 
Weibull,  Weibull-Normal,  Normal-Normal,  Exponential-Exponential,  etc.  It  was 
then  necessary  to  find  the  way  of  solving  the  complex  integrals  expressing 
such  interferences.  Numerical  analyais  was  carried  out  using  an  IBM  7090 
Computer  with  MAD  language  to  solve  these  integrals.  Tables  were  then 
prepared  for  the  interference  as  a  function  of  the  distribution  parameters. 

These  tables  included  the  combinations: 

Stress  Distribution  Strength  Distribution 

Normal  Weibull 

Weibull  Weibull 

because  Norma]  and  Weibull  are  the  distributions  most  frequently  found  in 
actual  engineering  practice.  The  reason  for  choosing  Weibull  as  the 
strength  distribution  for  the  two  cases  was  that  strength  data,  particularly 


fatigue  data,  can  be  more  conveniently  expressed  in  terms  of  Weibull  n 

parameters  (X  ,  0,  b)  th«n  ijnrmal  parameters  (u  «o  )•  It  was  felt  that 
this  restrictfon  would  not  apply  to  the  Stress  Distribution. 


4.3  empirical  am 

The  tables  of  interference  are  the  heart  of  the  Interference 
Theory  as  applied  to  the  engineering  practice.  Once  the  stress  distribu¬ 
tion  and  strength  distribution  parameters  are  known,  percent  interference, 
and  thus  the  probability  of  failure,  can  be  read  directly  from  these 
tables  (for  a  procedure  see  Section  9  and  for  the  tables  see  Appendix  2). 

Over  250  articles  from  literature  and  other  sources  were 
examined  and  practically  no  data  were  found  concerning  the  statistical 
distribution  of  stress.  The  only  data  located  referred  to  spectrum  of 
loads  or  stresses,  which,  as  pointed  out  in  Section  7,  does  not  represent  the 
Stress  Distribution  required  for  the  Interference  Theory.  Interference 
Tables,  therefore,  were  constructed  so  that  for  given  dispersion  character¬ 
istics  of  stresses  a  percent  interference  can  be  found.  The  range  of 
these  characteristics  chosen  here,  and  corresponding  to  engineering 
practice,  are  (if  the  stress  distribution  is  Normal) . 
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As  to  the  strength  distribution  it  was  found  necessary  to  collect 
a  great  deal  of  data  in  order  to  arrive  at  a  meaningful  distribution. 

The  search  for  these  data  turned  out  to  be  an  involved  task.  To  systematize 
the  effort  a  format  was  prepa  *ed  which  included  the  factors  which  are  known 
to  affect  the  final  distribution  of  strength.  An  attempt  was  made  to 
collect  data  in  different  areas  in  order  to  determine  the  effect  of  such 
factors  as  type  of  loading,  size,  processes,  surface  conditions,  heat 
treatment,  surface  environment,  temperature,  surface  treatment,  stress 
concentration  etc. 

An  initial  step  was  to  gather  scatter  data  from  presently  avail¬ 
able  published  work.  Many  sources  of  information  were  examined,  such  as: 

RAND  Reports,  NASA  Technical  Notes,  NACA  Technical  Notes,  ASTM  Transac¬ 
tions,  ASM  Transactions r  SAE  Transactions,  ASME  Transactions,  etc. 

Moat  of  these  data,  however,  were  found  to  be  in  a  graphical  form,  in  many 
cases  with  test  points  not  indicated,  whereas  statistical  analysis 
requires  data  in  a  tabular  form,  for  higher  accuracy.  The  Mechanical  Properties 
Data  Center  in  Traverse  City,  Michigan  was  found  to  be  a  very  useful 
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source  of  Information  for  tabular  (lata.  .  xney  nave  been  very  coopera¬ 
tive  in  providing  the  necessary  information.  Although  it  was  not  possible  to 
find  data  for  every  single  factor  affecting  strength,  stilla  graat  deal 
of  fatigue  data  was  found  and  these  data  were  systematized,  evaluated 
in  terms  of  Weibull  parameters  (Section  6),  tabulated  (Appendix  1)  and 
plotted  (Section  6). 

While  scanning  through  literature  and  other  sources  for  possible 
fatigue  data,  some  useful  data  for  determining  the  statistical  distri¬ 
bution  of  tensile  strength  and  rupture  strength  of  various  ferrous 
materials  was  found.  The  effect  of  temperature  and  heat  treatment  on 
tensile  strength  and  the  effect  of  time  and  temperature  on  rupture  strength 
were  studied  and  the  results  were  tabulated  and  plotted  in  the  same  manner, 
(see  Appendix  1  and  Section  6.4). 

4.4  FACTORS  AFFECTING  THE  STATISTICAL  DISTRIBUTION  OF  FATIGUE  STRENGTH 

Since  fatigue  strength  represents  the  major  interest  in  the 
engineering  applications  of  the  Interference  Theory,  this  problem  was  > 
studied  in  some  detail.  The  statistical  distribution  of  the  fatigue  strength 
of  a  mechanical  component  is  a  function  of  a  number  of  factors,  such  as 
type  of  loading,  surface  finish,  stress  concentration,  heat  treatment, 
temperature, processes,  and  time.  Each  shows  variability  which  is  character¬ 
ized  by  some  form  of  a  distribution.  The  effects  of  these  factors  on  the 
statistical  distribution  of  strength  were  studied  in  the  present  inves¬ 
tigation. 

Fatigue  strength  can  be  defined  as  the  maximum  stress  that  can  be 
sustained  for  a  specified  number  of  cycles  without  failure,  the  stress 
being  completely  reversed  within  each  cycle.  In  the  case  of  steels  a 
component  is  j^aid  to  have  finite  fatigue  strength  if  it  fails  between  103 
and  10  or  10  cycles  due  to  a  given  magnitude  of  cyclic  load. 

Type  of  Loading:  The  three  major  types  of  fluctuating  load 
encountered  in  designing  parts  are  axial,  bending  and  torsion.  Experi¬ 
mentally  determined  values  of  the  ratio  of  average  fatigue  strength  for 
axial  loading,  as  compared  to  bending  1 nad  were  reported  in  literature 
as  ranging  generally  from  0.75  to  1,0?’ ^Although  great  deal  of  work  has  bean 
done  to  obtain  precise  values  for  this  ratio,  no  detailed  study  has  ever 
been  made  as  to  the  statistical  aspects  of  these  strengths.  Investiga¬ 
tions  have  been  conducted  to  find  statistical  distributions  (Normal, 
Exponential,  Weibull,  etc.)  of  fatigue  strength  tested  under  a  giv en  type 
of  loading,  such  as  bending.  No  work  was  done  to  determine  the  effect 
on  the  distribution  if  the  loads  were  other  than  bending.  In  the  present 
investigation  an  attempt  was  made  to  study  the  effect  of  different  loads 
on  the  statistical  distribution  of  the  fatigue  strength.  The  statistical 
parameters  of  the  distribution  for  various  materials  under  different 
loads  were  determined,  tabulated  according  to  materials  (Appendix  1)  and 
plotted  (Section  6). 


Effect  of  Surface  Finish:  The  surface  finish  of  a  part  does 
affect  its  endurance  strength.  Hence,  the  condition  of  finish  should  be 
taken  Into  account  when  the  design  is  based  on  fatigue.  Surfaces  which 
have  an  effect  on  the  significant  strength  can  be  classified  into  five 
broad  categories;  polished,  ground,  machined,  hot-rolled,  and  as-forged. 
The  worse  the  surface  the  lower  will  be  the  mean  fatigue  strength  but 
the  higher  will  be  the  scatter.  As  a  result,  the  degree  of  interference  is 
likely  to  be  pronouncedly  affected  by  the  type  of  surface  finish  imparted 
to  the  member.  Different  surface  effects  were  studied  in  the  present 
investigation  and  the  Weibull  parameters  were  tabulated  (Appendix  1) 
and  plotted  in  Section  6. 

Effect  of  Stress  Concentration:  A  notch  or  a  stress  raiser  in 
a  part  subjected  to  fatigue  loading  can  be  regarded  as  a  factor  causing 
a  local  increase  in  stress  or  as  reduction  in  strength.  For  example,  a 
notch  with  a  stress  concentration  factor  of  2  can  be  thought  of  as  doubling 
the  stress  or  as  halving  the  strength.  Xn  the  present  investigation  this 
factor  was  taken  as  a  strength  reduction  factor. 

If  all  parts  were  made  of  materials  which  are  completely  homo¬ 
geneous  and  have  perfectly  polished  surface  finishes,  the  effect  of  a 
notch  would  be  to  increase  the  stress  by  the  fsctor  Kt.  Since  actual 
materials  are  not  perfectly  homogeneous  and  actual  surfaces  are  seldom 
perfectly  polished,  there  exist  internal  and  surface  stress  raisers. 

For  this  reason,  the  addition  of  a  notch  to  a  part,  already  having  stress 
concentration  due  to  geometry,  generally  produces  a  smaller  effect  than 
would  be  predicted  from  the  theoretical  stress  concentration  factor,  Kt. 

The  extent  to  which  a  notch  reduces  the  endurance  limit  of  a  part  is 
referred  to  as  the  fatigue  stress  concentration  factor,  or  the  fatigue 
strength  reduction  factor,  and  is  designated  by  the  synibol  Kf.  This  is 
defined  as:4 


K  ■  mdurance  limit  of  specimen  without  the  notch 

f  endurance  limit  o£  gpeTSan  with  the  notch 

In  this  study  an  attempt  was  made  to  determine  the  effect  of 
stress  concentration  on  the  statistical  scatter  of  the  fatigue  strength. 
More  specifically,  the  objective  was  to  find  out  whether  this  factor 
changes  the  mean  strength  only,  whether  it  has  an  effect  on  the  standard 
deviation  or  whether  it  completely  changes  the  nature  of  the  distribution 
itself.  The  data  were  collected  for  various  materials  at  different 
temperatures,  because,  for  example,  the  scatter  of  fatigue  strength  at  1.04 
life  cycles  with  1^.  -  2,0  for  AISI  1040  steel  tested  at  70°F  may  be 
different  than  at  say  100°F,  200°F,  or  500 °F.  Changes  in  the  parameters 
of  the  statlotical  distribution  of  the  atr**u:,,  JS  to  the  effect  of 
stress  concentration  at  various  testing  1 04p3£toS>‘sv an, for  different  mater¬ 
ials  are  tabulated  in  Appendix  1  and  plotted  1:  '<ccion  6. 

The  effect  of  stress  concentration  to  decrease  the  values  of 
XQ  and  0  and  in  some  esses  of  b,  where  X  i!  the  lower  bound  of  strength, 
0  is  the  characteristic  strength,  where  of  the  population  have 

strengths  less  than  or  equal  to  this  value,  and  b  Is  the  Weibull  slope. 
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Effect  of  Heat  Treatment:  Different  heat  treatments  such  as 
annealing,  penciling,  tempering,  aging  etc._.  ran  be  impsrtcd  to  umteiiais 
Lu  change  tneir  mechanical  properties.  Heot  treatment  may  change  the  average 
fatigue  strength  but  also  the  statistical  scatter.  Pertinent  parameters  are 
tabulated  in  Appendix  i  and  plotted  in  Section  6. 

The  effect  of  heat  treatment  Is  to  Increase  or  to  decrease  X 
and  0,  depending  on  the  design  life.  In  most  of  the  materials  which  were 
investigated  the  slope  b  Increased  with  life  for  a  given  heat  treatment. 

Effect  of  Temperature:  In  a  similar  manner  the  effect  of  tem¬ 
perature  on  the  statistical  scatter  is  shown  in  Appendix  1  and  Section  6. 


With  few  exceptions  the  effect  of  temperature  is  to  decrease 
and  6  and  increase  b  with  increased  temperature. 


4.5  FACTORS  AFFECTING  THE  STATISTICAL  DISTRIBUTION  OF  TENSILE,  RUPTURE  STRENGTH 

In  this  phase  of  the  study  dispersion  characteristics  of  the 
tensile  strength  and  its  statistical  distribution  were  studied  for  several 
materials,  heat  treatments  and  operating  temperatures .  The  scatter  data 
were  plotted  in  the  same  manner  as  the  fatigue  data,  and  the  Weibull 
parameters  were  determined.  These  parameters  were  tabulated  in  Appendix  1. 

From  these  table's  graphs  were  prepared  with  abscissa  as  temperature  and 
ordinate  as  Weibull  parameters  (Section  6.) 

Rupture  strength  can  be  defined  in  terms  of  that  static  stress 
which  will  result  in  a  fracture  within  a  specified  time  for  a  specified 
temperature.  Data  were  collected  to  determine  the  statistical  distribu¬ 
tion  of  the  rupture  strength  of  various  materials.  The  distribution 
parameters  were  computed  for  different  operating  temperature  and  for  dif¬ 
ferent  times  such  as  100,  1,000  or  10,000.  hours.  These  parameters  were 
then  tabulated  according  to  the  temperature  and  time  (See  Appendix  1). 


4.6  ANALYSIS  OF  STRENGTH  DATA 

Data  collected  during  this  phase  of  the  investigation  were 
organized  and  systematized  according  to  materials  and  conditions.  In 
the  case  o£  fatigue,  these  data  were  plotted  on  S-N  diagrams.  Fatigue 
life  data  were  subsequently  converted  to  fetigue  strength  data  for  a  given 
life.  (Section  6.)  The  fatigue  strength  data  thus  obtained  were  plotted 
on  the  modified  Weibull  probability  paper  to  determine  Weibull  parameters. 
The  same  procedure  was  repeated  for  different  life  cycles,  for  various 
materials  and  under  different  conditions.  The  Weibull  parameters  thus 
found  were  then  tabulated  in  Appendix  1  and  plotted  in  Section  6. 
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5.1  INTRODUCTION 

5.1.1  Interference  Probabilities 

In  interference  theory  one  supposes  that  the  strength  of  a  manu¬ 
factured  part  is  not  Known  w^th  certainty  prior  to  performing  some  test 
on  it  and  that  the  stress  Induced  by  a  load  is  not  known  wit',  certainty 
prior  to  actually  loading  the  part.  Thus,  for  example  one  does  not  know 
with  certainty  that  the  strength  of  a  part  is  exactly  50  ksi.  He  may 
know  that  the  part  cannot  have  a  strength  greater  than  58  ksi  or  less 
than  40  ksi.  Or  he  may  know  that  the  average  strength  that  has  been  ob¬ 
tained  in  previous  tests  on  these  parts  is  4-9  ksi.  He  may  have  some 
measure  of  how  dispersed  the  strength  measures  are  around  this  average 
strength.  The  point,  of  course,  is  that  this  type  of  knowledge  is  quite 
different  from  knowing  precisely  what  the  strength  is  prior  to  testing. 

For  a  multiplicity  of  reasons  strengths  of  seemingly  Identical  parts 
are  not  exactly  the  same  and  precisely  what  strength  a  part  will  have 
cannot  be  known  until  some  type  of  strength  test  is  performed.  In  the 
theory  of  probability  one  says  that  the  strength  of  a  part  is  a  random 
variable.  Certainly  the  same  type  of  reasoning  applies  to  the  stress. 
Thus  for  a  mathematical  theory  of  interference  one  starts  with  the  idea 
that  strength  is  a  random  variable,  Jay  X  and  stress  is  a  random  vari¬ 
able,  Y  . 

In  describing  the  properties  of  randan  variables,  since  their 
values  are  not  Known  exactly,  one  supposes  that  associated  with  every  set 
of  values  that  the  randan  variable  can  take  there  is  a  real  number  called 
the  probability  that  the  random  variable  takes  values  in  the  set.  These 
probabilities  are  non-negative  real  numbers,  they  are  all  less  than  1 
end  in  the  f anse  given  belov  they  "sum"  to  1. 

If  x  is  any  real  number  then  there  is  a  probability  that  the 
random  variable  takes  some  value  leas  than  or  squal  to  x  .  Symbolically, 

Pr(X  <  x) 

is  a  number  such  that  0  <  Pr(X  <  x)  <1.  Surely  (i.e,  with  probability 
l)  X  <  »  so  that 

Pr(X  <'*)-!, 
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and 


Pr(  -  oo  >  x)  =0 

Clearly  Pr(X  <  x)  depends  on  the  real  number  x  .  Consequent¬ 
ly  one  dei'ines  a  probability  distribution  function  F(x)  by  the  relation 


F(x)  «  Pr(X  <  x) 


One  sees  imnediately  that 


0  <  F(x)  <  1, 

F(  -<*>)  =  0 
F(»)  =1 

t 

and  that  F(x)  is  a  non-decreasing  function. 

In  most  engineering  applications  F(x)  has  a  derivative  for 
every  value  of  x  and  one  defines  the  probability  density  function. 
f(x)  ,  by 

f(x)  -  SEfel  . 
dx 


One  takes 


f(x)  dx  »  Pr(x  <  X  <  x  +  dx)  . 


(i.e.  the  probability  density  function  multiplied  by  dx  is  the  proba¬ 
bility  that  X  takes  values  in  the  neighborhood  of  x).  Since 


f(x)dx 


dF(x) 


one  has 


00 

J"  f(x)dx  «  J  dF(x)  ■  F(x)  |  -  1, 


the  probabilities  given  by  f(x)dx  "sum"  to  1. 
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In  the  amthematie&l  theory  of  interference  one  assumes  thtt  the 
probability  density  function  for  the  random  variables  X  (strength)  and 
Y  (stress)  are  known.  Sections  5  and  6  following  show  how  these  functions 
can  be  found  from  engineering  data.  Thus  the  "givens"  of  the  mathemat¬ 
ical  theory  of  interference  use  the  random  variables  X  and  Y  ,  the 
set  of  values  that  they  each  can  take  (usually  the  non-negative  real  line;, 
and  the  probability  density  or  distribution  function  P(x)  (or  f(x))  and 
Q(y)  (or  g(y)). 

The  problem  to  which  interference  theory  addresses  itself  is 
that  of  finding  the  probability  of  failure.  Failure  is  said  to  occur 
whenever  the  stress  exceeds  strength.  Thus  from  the  known  probabilities 
for  the  X  and  Y  random  variables  one  wishes  to  find 

S*(Y  >X)  , 

which  is  the  probability  that  stress  exceeds  strength  or  the  probability 
of  failure. 

5.1.2  Calculation  of  Probabilities  of  Failure 

There  are  two  useful  ways  of  detraining  the  probability  of 
failure  from  t be  known  properties  of  X  end  ¥  . 

(a)  Since  one  wishes  to  find  Pr(Y  >  X)  it  is  conven¬ 
ient  in  same  caees  (a.g.  when  stress  and  strength  are  normally  distrib¬ 
uted)  to  define  a  new  random  variable  Z  by  the  relation 


Z  -  X  -  Y  , 


Then  if  one  can  find,  the  probability  density  function  of  Z*  h(r),  the 
probability  of  failure  will  be  simply  the  probability  that  *  £  °.  In 
terms  of  h(x)  this  is  found  by 


ftr(failurs)  ■ J  h(*)dx  , 


The  problem  in  general  Is  thsn  to  find  h(s)  from  the  known  probability 
density  functions  f(x),  g(y)  .  A  complete  discussion  of  this  method  and 
its  applications  is  found  in  Section  A -1.2* 


*  All  references  to  laetlom  A  pertsln  to  ths  Appendix,  Thus,  Section  A-3.2 
meant  Section  3.2  of  Appendix  3. 


la  the  important  special  case  in  which  both  stress  and  strength 
are  normally  distributed  random  variables  it  is  well  known  that  Z  is 
also  uOriially  distributed  with  parameters.  An  outline  or  the  prooi-  of  these 
results  is  given  in  Section  A-3«3<1> 


Consequently  the  probability  of  failure  can  be  found  directly  from  tables 
of  the  normal  curve  areas.  One  wants  the  area  from  -»  to  0  from  these 
tables.  A  complete  discussion  of  how  to  do  this  is  given.. 


A  acmpiete  e^arple  of  hovr  this  method  can  be  usee  fer  non- 
normally  distributed  random  variables  ift  given  in  section  A-3.3,3  for  tha 
case  in  which  stress  and  strength  are  each  random  variables  with  gamma 
density  functions. 

A  comparison  of  this  method  of  finding  the  probability  of  fail¬ 
ure  with  the  method  of  part  b  below  is  given  in  section  A-3.3.2  for  tha  caaa 
of  negative  exponential  probability  density  functions, 

(b)  For  most  applications  method  (a)  above  Is  unnecessar¬ 
ily  complex  because  one  must  first  find  the  entire  density  function  of  the 
randan  variable  Z  before  finding  the  probability  of  failure.  Since  the 
random  variable  Z  is  of  no  practical  value  for  Z  <  0  the  approach  in 
part  (a)  is  unduly  long.  The  methods  described  in  this  section  are  mors 
direct  and  from  our  experience  more  useful  in  general. 

One  can  derive  the  probability  of  failure  as  follows.  Suppose 
we  superimpose  the  stress  and  strength  density  function  on  the  same 
graph  as  shown  la  Figure  5 . 1* 

Although  Y  is  a  randan  variable  let  us  fix  attention  on  a 
particular,  small  interval  that  Y  can  take  values  in.  Let  us  fix 
y  <  Y  £  y  +  dy.  Then  let  us  find  the  probability  that  the  random  vari¬ 
able  X  takes  values  less  than  this  fixed  Y  .  Ono  can  show  that  this 
probability  is 


Stress  Density 
Function 


The  left  hand  side  of  this  expression  is  called  a  condi Limit*!  ^uuaulllt.y 
It  is  the  probability  that  the  random  variable  X  takes  values  less  than 
the  i  eal  number  y  when  it  is  known  «,  "given  that")  the  random  vn.rin.hifi 
Y  is  "nearly"  y  .  By  the  definition  of  f(x)  this  probability  is  ob- 
viously  the  same  as  the  right  hand  side  of  the  expression.  If  now  we 
multiply  this  conditional  probability  by 

Pr(y  <  Y  <  y  +  dy)  =  g(y)dy 

we  obtain  the  .joint  probability  that  X  <  y  and  y  <  Y  <  y  +  dy  which 
symbolically  is 

Pr(X  <  y  |  y  <  Y  <  y  +  dy)  Pr(y  <  Y  <  y  +  dy) 
a  Pr(X  <  y  ;  y  <  Y  <  y  +  dy)  . 

*  I 

This  probability  is  given  by  the  integral 


f  y  f(x)dx  g(y)dy  . 
o 

From  the  joint  probability  one  obtains  the  probability  of  failure  by: 


J?r  (failure) 


f(x)  g(y)  dx  dy  . 


Thus  this  double  integral  gives  the  probability  of  failure  directly. 


If  one  recalls  the  relation  between  f(x)  and  F(x)  ,  it  is 
clear  that  the  double  Integral  is  easily  reduced  to  the  single  integral 

Pr  (failure)  «  f  F(y)  g(y)  dy  . 

'•>  o 

If  F(x)  is  easily  obtainable  then  this  expression  is  easier  to  work 
with  than  the  double  integral.  For  example  one  knows,  that  for  a  strength 
with  a  Weibull  probability  density  function  the  probability  distribution 


function  F(x)  is  given  by 


F(x) 


/v  v  I  , 
p  -X)  \  D 

1  - 


In  these  cases  the  probability  of  failure  is  then  given  by 

|bv 


Pr( failure) 


■/ 


(y-xp  \t 

l-el^l 

=1 Jf  eW 


)  K(y)  dy 

s(y)dy  . 


The  latter  expression  follows  because 


£  g(y)dy  -  1 

if  the  random  variable  Y  takes  only  positive  values  which  is  the  usual 
case  in  interference  theory. 

Similar  expression  to  those  above  can  be  found  as  shown  in 
Section  A-3.3.^.  In  any  event  one  is  free  to  use  whichever  expression 
is  easiest  to  work  with. 

Examples  of  the  use  of  thi3  method  for  non-normally  distributed 
random  variables  is  found  in  Section  A-3*3* 

5.I.3  Interference  Tables,  pages  258-396. 

In  Section  5*1*2  it  was  shown  that  the  probability  of  failure 
could  be  expressed  as  an  integral  involving  the  known  probability  density 
or  distribution  functions.  In  certain  cases  this  integral  can  be  evaluated 
in  closed  form  (e.g.  when  f(x)  and  g(y)  are  both  exponential  functions). 
In  some  cases  this  integral  can  be  evaluated  in  terms  of  other  well  known 
and  tabulated  functions  (e.g.  when  f(x)  and  g(y)  are  both  gamma  functions 
or  when  f(x)  and  g(y)  are  both  normal  functions).  In  general  it  is  not 
to  be  expected  that  the  integral  for  the  probability  of  failure  can  be  eval¬ 
uated  in  closed  form  or  in  a  form  involving  other  well  known  functions,  (e.g. 


when  f(x)  and  g( y)  n»  hn+n  Weibull  functions  on  »!>'.:n  f(x)  is  a 
Weibull  function  and  g(y)  is  a  normal  function).  In  those  cases  one 
must  resort  to  numerical  evaluation  of  the  integral. 

From  the  discussion  in  Section  2  it  is  apparent  that  two  cases 
are  of  importance  to  interference  theory.  They  are 

i 

(a)  f(x)  arid  g(y)  are  each  Weibull  functions 

(b)  f(x)  is  a  Weibull  function  and  g(y)  is  a  normal  function. 

Since  the  integrals  giving  the  probability  of  failure  cannot  be  expressed 
in  terms  of  well  known  functions,  in  general,  we  have  evaluated  the  in¬ 
tegral  numerically.  Tables  of  the  probability  of  failure  are  given  in 
Section  A-2.  A  full  discussion  of  the  numerical  methods  used  and  the 
errors  of  approximation  appropriate  to  the  tables  are  given  in  Section  A-4 . 


5.2  USE  OF  INTERFERENCE  TABLES,  pages  258  --  396, 

5.2.1  Parameters  for  the  Weitaull-Weibull  Case 

The  form  of  the  integral  evaluated  for  finding  the  probability  of 
failure  when  both  the  strength  and  stress  are  Weibull  distributed  random 
variables  is  given  in  Section  Tables  of  this  probability  of  failure 

are  given  in  Section  A-2. 2.  A  discussion  of  the  numerical  analysis,  errors 
and  accuracy  of  the  tables  is  given  in  Section.  A-4. 

For  each  of  the  random  variables  X  and  Y  the  probability 
density  function  is  of  the  form 


Each  density  function  is  completely  characterized  by  three  parameters 
bx(or  by),  ©x(or  «y),  Xo(or  yQ).  These  parameters  are  called  the  slope, 
the  characteristic  value  and  the  truncation  parameter  respectively. 

These  names  follow  from  the  facts  that 


Hence  the  strength  (or  stress)  has  zero  probability  of  taking  values  less 
than  x0  ~  the  probability  density  function  is  "truncated"  at  x0  . 


In  In 


<x-Xo) 


(2)  If  one  plots  l/(l-F(x))  vs  (x-x0)  on  In  vs 
paper  the  greph  will  be  a  straight  line  with  slope  bx  . 


(3) 

Hence  0 


.If  (x-xn)  =  Qx  ,  63.2$  of  the  area  under  f(x)  falls  below 


the  "characteristic"  of 


is  equal  to  (0^  +  Xq) . 


It  is  to  be  noted  that  since  f(x)  is  characterized  by  three 
parameters  one  expects  the  probability  of  failure  to  be  characterized 
by  six  parameters  (3  for  strength  and  3  for  stress).  Fortunately,  this 
is  not  tiie  case.  As  is  shown  in  section,,  A-3. 3. 4  the  Integral  for  the  pro¬ 
bability  of  failure  is  determined  by  four  parameters.  These  are  used 
in  the  tables  as: 


(1)  bx  -  the  slope  of  the  strength  distribution. In  the 
tables  this  is  called  B]_  . 

(2)  bx/by  -  the  ratio  of  the  slopes  of  the  strength  dis¬ 
tribution  (bx)  and  the  stress  distribution  (by)  .  In  the  tables  this 
is  called  B^/Bg  . 

(3)  (x0-y0)/(6x-Xo)  "  the  difference  of  the  truncation  para¬ 

meters  divided  by  the  difference  of  characteristic  value  and  the  truncation 
parameter  of  the  strength  distribution.  In  all  of  the  tables  it  is 

assumed  that  Xq  >  yp  .  This  appears  to  be  the  most  useful  case  for  inter¬ 
ference  theory.  In  the  tables  this  is  called  (X0-Y0)/THETA  1  . 

(4)  ®jryo/®x-xo  “  of  the  difference  of  the  char¬ 

acteristic  values  and  the  truncation  parameters.  In  the  tables  this  is 
called  Theta  2/Theta  1  . 


The  following  values  of  these  parameters  are  used  in  the  table. 
They  are  considered  to  be  the  most  useful  values  for  interference  theory 
in  mechanical  problems. 


Bx,  B2  =  1,  1.5,  2,  ...  10  . 

Bi  /B2  ™  .1,  .2,  ...  1  and  1,  2,  ...  10  . 

(3^j-y0)/theta  1  =  .000,  .250,  .500,  .750,  1.000 


/.  - 
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THETA2/THETA  1  =  l/l  ,  l/l.25  ,  1/1.50  ,  I/I.75  ,  ...  ,  l/'J  . 

or 

THETA2 /THETA  1=1,  .800,  ..667,  .571,  . ..  .333  . 

The  values  in  the  body  of  each  table  arc  the  probability  of 
failure  for  the  parameters  givc-n  at  the  heading  of  the  tables.  From 
the  discussion  given  in  jSection  A-4.1.4  our  estimate  is  that  these  tables_ 
are  correct  to  +  1  x  10~  and  most  of  the  values  are  correct  to  +  5  x  10“^. 

5.2.7  Parameters  for  the  Welbull  Distributed  Strength,  Normal  Distributed 
Stress  Case 


The  form  for  the  integral  involved  in  finding  the  probability  of 
failure  when  the  strength  is  Welbull  distributed  and  the  stress  is  normally 
distributed  is  given  in  Section  A-3-3-5.  Tables  of  these  probabilities  are 
given  in  Section  A-2.1.  A  discussion  of  the  numerical  analysis,  error  and 
accuracy  of  the  tables  is  given  in  Section  A-4.1.7. 


The  form  of  the  distribution  of  the  strength  has  been  given  in 
section  5.2.1.  The  parameters  were  discussed  in  that  section.  If  the 
stress  is  normally  distributed  the  probability  density  function  is  given 


by 


1  .  lidil2 

g(y)  =  yT^la  e  2 02  ,  -  ®  <  y  <  ~  . 


Each  density  function  of  this  form  is  completely  characterized  by  two 
parameters,  |i  and  a  .  These  parameters  are  called  the  mean  stress 
(average  stress,  expected  stress  are  also  used)  and  standard  deviation 
of  the  stress  (the  square  a2  is  called  the  variance  of  the  stress.) 

If  one  plots  f (x)  on  rectangular  coordinates  p  is  the  value  of  x 
at  which  the  peak  of  f(x)  occurs.  It  is  also  the  point  of  symmetry 
of  f(x)  and  mathematically  is  the  value  of  the  integral 


P 


x  f(x)  dx 


a  can  be  interpreted  as  the  value  for  which  the  following  probability 
statement  is  true. 


> 


Pr(u  -  o<Y<p  +  ct)I\J  .68. 
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meters  (bx,  ©x,  x0)  and  the  stress  distribution  is  characterized  by  two 
parameters  A)  c  one  expects  that  the  integral  for  the  probability  of 
failure  in  this  case  is  characterized  by  five  parameters.  Fortunately 
this  is  not  the  case.  As  shown  in  Section  A-  3  •  3  •  5  the  integral  for  the  pro¬ 
bability  of  failure  is  characterized  by  three  parameters.  These  three 
parameters  as  used  in  the  tables  are: 

(1)  bx  -  the  slope  of  the  strength  distribution.  In  the 
tables  this  is  called  B(x)  . 

(2)  6^-Xq ./a  -  the  ratio  of  the  difference  of  the  characteris¬ 
tic  strength  and  the  truncation  parameter  to  the  standard  deviation  of  the 
stress.  In  the  table  this  is  called  C  for  typographical  simplicity. 

(3)  (xq-u) /a  -  the  difference  between  the  strength  trunca¬ 
tion  parameter  and  the  mean  stress  divided  by  the  standard  deviation  of 
the  stress.  In  the  tables  this  is  called  A  for  typographical  s'aipli- 
city. 

The  following  values  of  these  parameters  are  used  in  the  table. 
They  are  considered  to  be  the  most  useful  values  for  interference  theory 
in  mechanical  problems. 

B(x)  ■  1,  1.2,  1. 3>  3*2 

C  -  10,  15,  20  ...  100 

A  ■  0,  0.2,  0.4,  ...  2. S',  and  from  -0.2  to  -10.0  . 

The  values  in  the  body  of  each  table  are  the  probabilities  of 
failure  for  the  parameters  given  at  the  heading  of  the  tables.  Fran  the 
discussion  given  in  Section  A-4.1.7  these  probabilities  are  correct  to 
+  5  x  10”5  . 

5.2.3  Use  of  the  Tables.  Explanation  of  Missing  ValueB  and  Interpolation 

Numerical  examples  of  the  use  of  the  tables  are  given  in 
Section  5.3.  In  general  the  user  will  enter  the  table  with  known  para¬ 
meters  (bx  ,  ©x  ,  and  the  appropriate  parameters  for  the  stress 
distribution)  and  wish  to  find  the  probability  of  failure.  This  is  a 
direct  table  look-up.  In  some  design  problems  the  user  will  have  a 
given  probability  of  failure  to  achieve  and  will  know  the  general 
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shape  of  the  distribution  of  stress  and  strength  appropriate  to  the  ma¬ 
terial  that  he  is  using.  The  table  will  then  give  him  the  relative  para¬ 
meters  (there  may  be  many  of  these)  to  design  for.  It  would  be  expected 
that  a  cost  analysis  would  give  the  acceptable  parameter  values  for  each 
distribution.  As  long  as  the  relative  values  are  as  given  in  the  table 
the  probability  of  failure  will  be  the  same  no  matter  what  the  values  for 
each  distribution  are. 

In  the  tables  there  are  some  values  not  tabulated.  For  example 
in  the  Tables  A-2.2  for  the  Weibull  strength  and  Weibull  stress  there  is  a 
row  of  nori-tabulated  values  for  31/B2  =  .1  and  El  >  1  for  every  value  of 
i X0 -Y 0 ) / TIIKTA  1  and  THETA  2/THETA  1  .  These  values  were  not  tabulated 
because  they  require  values  of  the  parameters  (i.e.  B1  and  B2)  that  are 
outside  the  limits  considered  useful  for  mechanical  problems  in  inter¬ 
ference  theory.  For  example  the  value  in  the  table  (X0-Y0) /THETA  1  =  .000 
THETA  2/THETA  1  *  .571  at  B1  ■  5,  B1/B2  =  .1  is  missing.  To  include  this 
value  in  the  table  would  have  required  determining  the  probability  of 
failure  for  the  case  B2  =  50.  But  B2  ■  50  is  a  value  seldom  found 
in  mechanical  Interference  theory.  Hence  this  probability  of  failure 
was  not  computed. 

Borne  of  the  non-tabulated  values  are  nearly  zero  and  hence  have 
not  been  tabulated.  This  occurs  only  in  the  Weibull  Strength-Normal  Stress 
tables.  For  example  when  A  >  3,5  one  knows  that  (x0-p)/a  >  3.5.  From 
the  theory  of  the  normal  curve  one  knows  that  the  area  under  the  normal 
curve  from  3«5  bo  *»  is  less  than  3  x  10_i+  and  the  probability  of  failure 
is  less  than  1  x  10-1*.  We  take  these  values  to  be  too  small  to  be  signif¬ 
icant  for  the  mechanical  interference  theory. 

It  can  be  seen  that  the  tables  are  non-linear  for  almost  all 
values  of  the  parameters.  This  can  cause  inaccuracies  when  the  tables 
are  interpolated.  The  absolute  value  of  the  interpolation  error  depends 
on  which  tables  are  Interpolated.  For  precise  values  the  user  should 
use  a  higher  order  interpolation  formula  rather  than  linear  interpolation. 
We  have  not  eirplored  the  relative  errors  of  interpolation  closely.  In 
those  cases  checked,  the  relative  errors  are  small. 


5 . 3  EXAMPLES  OF  USE  OF  THE  TABLES 

\  For  an  example  illustrating  the  use  of  these  tables  in  an  appli¬ 
cation  of  the  Interference  Theory  see  Section  9. 
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SECTION  6  STATISTICAL  DISTRIBUTION  OF  STRENGTH 


6.1  ANALYSIS  OF  STRENGTH  DATA 

Mott  fatigue  testing  Involves  subjecting  e  number  of  speci¬ 
mens  or  parts  to  the  seme  stress  and  repeating  this  process  at  various 
stress  levels.  The  data  thus  obtained,  known  as  life  data,  are  used 
to  construct  the  conventional  S-N  diagram.  In  this  case,  the  scatter 
obtained  is  the  scatter  in  life  at  a  given  stress.  In  the  present 
Investigation  the  attention  was  focused  on  the  nature  of  the  scatter  in 
the  fatigue  strength  at  a  given  life.  To  obtain  such  data  It  is  necessary 
to  fatigue  test  all  the  specimens  with  different  stresses  Imposed  on  them 
in  such  a  manner  that  all  would  fail  at  a  predetermined  life.  Practically, 
this  is  impossible  and,  therefore,  in  the  present  investigation,  two 
alternate  methods,  described  below,  were  considered. 


6.1.1  Conversion  of  Life  Pete  to  Strength  Date 

The  fatigue  life  date  were  obtained  for  various  materials 
under  various  conditions.  Thasa  data  wars  then  plotted  on  the  con¬ 
ventional  S-N  diagram.  Hare,  it  is  assured  that  to  each  specimen  of 
the  population  can  be  attributed  an  individual  S-N  curve,  end  that 
there  exists  for  any  population  of  specimens  (at  flxsd  taat  conditions) 
s  family  of  non-lntsrsscting  S-N  curvss,  which  can  bs  determined  with 
any  desired  accuracy,  each  curve  corresponding  to  e  given  probability. 

The  average  S-N  curve  is  then  fitted  to  ell  the  test  points  on 
the  S-N  diagram  using  the  least  square  method.  Peasing  through  each 
test  point  draw  an  S-N  curve  parallel  to  the  average  S-N  curve.  These  will 
sake  e  family  of  S-N  curves,  (see  Figure  6.1).  Now  if  the  fatigue 
strength  distribution  at  N  ■  life  Is  required,  drew  e  vertical  line 
at  N  ■*  N-j  intarsectlng  the  family  of  S-N  curves.  These  points  of  / 
Intersection  Sj.,  S2,  .  .  .  represent  e  sample  from  the  strength  distri¬ 
bution  at  e  desired  life;  These  date  ere  then  plotted  on  the  probability 
paper  as  e  cumulative  distribution  function  to  determine  the  strength 
distribution  (see  Figure  6.3). 


6*1-2.  Strength  Response  Teat 

As  an  alternative  method,  the  strength  response  test  was  con¬ 
sidered.  The  cumulative  percentage  point  of  fatigue  strength  distributions 
can  ba  determined  at  any  strass  level  S  by  testing  a  large  number  of 
apeclamns  at  this  laval  and  counting  the  fraction  of  specimens  falling 
et  the  preaesigned  Ufa  N.  If  thie  procedure  is  repeated  at  different 
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1 


Life,  cycle*  (iog  scale) 


Figure  6.1 


3-N  Diagram  for  converting  Life  Data 
to  Strength  Data 


levels ,  several  points  of  the  strength  distribution  *>re  obtained  and 
can  be  used  for  the  analysis  of  strength  distribution. 

For  example,  suppose,  the  faK  4,ue  strength  distribution  at 
life  is  desired.  (See  Figure  6.2).  A  large  number  of  specimens, 
say  50,  are  tested  at  stress  level  and  if  only  one  out  of  these 

50  falls  before  or  at  the  preasaigned  life  then  it  can  be  said 
that  on  an  average  only  F,  -  22  from  the  lot  of  specimens  have  fatigue 
strength  less  than  or  equal  to  S]_,  The  same  procedure  can  b«  repaatad 
for  aavaral  othar  stress  xevels  $2,  S3,  .  .  .  S^,  and  corresponding 
percentage  points  (F,,  F-,  .  .  .  F<)  can  be  determined.  These  points 
represent  the  cumulative  behavior  of  strength,  and  can  be  plotted  on  the 
several  probability  papors  (auch  aa  Vfeibull,  Normal,  Logistic,  Extreme 
value,  etc.)  with  S  as  its  absclssn  and  ZF  aa  Its  ordinates, 

(Figure  6 .  :*)  . 

The  percentage  points  of  the  strength  distribution  measured 
by  this  method  era  independent  of  each  othar  and  accordingly  the  method 
of  least  squares  can  be  applied. 

As  this  method  requires  tasting  of  a  large  number  of  specimen* 
at  any  ona  stress  level,  vary  limited  data  of  this  type  are  available 
although  recently  a  method  was  proposed  for  generating  such  dnte.& 

Hence,  In  the  present  study  the  fatigue  strength  distributions  vert 
analysed  by  converting  the  directly  observed  scatter  In  fatigue  life 
into  a  scatter  in  fatigue  strength,  ae  discussed  in  Section  6.1.1, 
rather  than  by  evaluating  the  data  from  response  testa. 


6.2  PLOT  OF  STRENGTH  DA*A 

In  order  to  determine  the  distribution  of  strength  at  a  given 
life,  it  was  nocessary  first  to  cbtain  euplrlcal  data  from  literature 
and  othar  sources  (see  Section  4.3)  and  than  to  plot  these  data  so  that 
the  parameters  of  the  distributions  could  bs  determined.  The  type  of 
Information  desired  la  Illustrated  in  Figure  6.4  where  it  la  shown  that 
the  strength  distribution  may  bs  different  st  the  different  lives. 

The  usual  method. of.  determining  this  statistical  distribution 
is  to  construct  s  histogram.  Thin  was  triad  in  the  present  investigation 
for  a  number  of  caaea,  ona  of  which  is  shown  in  Figure  6.5.  This  refers 
to  strength  data  obtained  turn  Mechanical  Properties  Data  Center^for 
D^ac  Steal  under  conditions  as  follows: 

Type  of  load  -  completely  reversed;  Surface  finish  -  Mechan¬ 
ically  Poliahtdj  Stress  Concentration  factor  -  Kt  ■  1.0;  Test  Temperature 
80°F,  Fatigue  Strength  distribution  data  at  106  cycles  era:  55.3,  57.3. 
59.2,  61,4,  62.5  ksi. 
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Strength  Baapouae  Dete  on  Probability  Paper 
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Stress,  kai  Clog  scale) 
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Upper  Limit  of 
Fatigue  Strength 


Life i  cycles 

Figure  ti  .4  Change  in  the  Fatigue  Strength  Distribution  with  Life 


(a)  For  3  kai  Interval 
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For  5  kai  Interval 
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Figure  6.5  Hiatogroma  for  Fatigue  Strength  of  D, . 

Steal  at  80°F  for  106  Life  Cyclea  bAc 
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In  Figure  6.5  this  data  are  plotted  for  3,  4,  and  5  ksi 
intervals.  It  can  readily  be  seen  that  each  interval  suggests  a 

different  form  of  distribution.  FurrherTnnvw  fd .  —  u j  — . —  - — 

be  effective,  a  large  amount  of  data,  well  in  excess  of  the  data  avail¬ 
able  in  the  presen  investigation,  is  required. 

For  this  reason,  the  histogram  method  was  not  used  here,  and 
Instead,  the  Weibull  distribution  was  adopted. 


The  Weibull  distribution  is  of  great  usefulness  in  the  analysis 
of  fatigue  data.  The  utility  and  value  of  the  Weibull  distribution  re¬ 
sults  from  the  fact  that  it  covert*  a  considerable  variety  of  distribution 
patterns,  and  data  which  fit  any  of  these  patterns  plots  as  a  straight 
line  on  special  graph  paper,  known  as  Weibull  probability  paper.  (For 
explanation  see  page  44).  Although  the  Weibull  distribution  provides  a 
versatile  means  for  describing  the  life  characteristics,  it  can  also  be 
used  for  describing  the  mechanical  properties,  such  as,,  fatigue,  tensile 
and  rupture  strengths  studied  in  the  present  investigation. 

havino  *  '^e  Weibull  equation  is  a  three  parametric  mathematical  function 

function  is?  *  iable*  7116  general  expression  for  the  Weibull  density 


f(x) 


b-1 


(6.1) 


/ 


X  <  X  <  00 
O  ~  — 


p 


and  the  general  expreasion  for  the  cumulative  distribution  function  is: 


F(x)  *  1  -  e 


(6.2) 


XQ  <_  x  “ 

where,  as  used  in  this  study, 

XQ  is  the  lower  bound  of  strength 

0  is  the  characteristic  strength,  where  63.2%  of  the  pop¬ 
ulation  have  strengths  lest  than  or  equal  to  this  value. 

b  is  the  Weibul!  slope. 
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Versatility  of  the  Weibull  distribution  is  illustrated  In  Figure 
6.6  and  Figure  6.7  which  show  different  forma  of  the  distribution  for 
various  values  of  b.  The  Weibull  slope  b  defines  the  shape  of  the  curve, 
whereas  9 ,  the  characteristic  strength,  defines  the  scale  of  the  curve 
(see  definition  on  page  36) .  It  is  therefore  possible  to  have  several  forms 
of  a  particular  distribution  depending  on: 


1. 

The 

value 

of 

b 

(  where  9 

and  X0 

are  constant) 

2. 

The 

value 

of 

0 

(where  b 

and  X0 

are  constant) 

3. 

The 

value 

of 

V 

“o 

(where  9 

and  b  are  constant). 

As  to  special  cases  of  Weibull  distribution,  it  reduces  to  the 
truncated  normal  distribution  when  b  is  approximately  equal  to  3.5  and 
to  the  truncated  exponential  distribution  when  b  is  equal  to  1.0. 


6.3  DETERMINATION  OF  THE  WEIBULL  PARAMETERS 

In  order  to  determine  the  Weibull  parameters  for  the  strength 
data  the  following  steps  are  required: 

1.  The  scatter  of  fatigue  life  at  a  given  stress  level,  as 
obtained  from  the  literature  or  other  source  $  is  converted 
to  the  scatter  of  fatigue  strengths  at  a  given  life  in  the 
manner  discussed  in  Section  6.1,1. 

2.  The  fatigue  strengths  obtained  from  above  are  then  arranged 
in  the  Increasing  order  of  value  and  median  rank  is  assigned 
to  each  value  as  described  in  the  example  that  follows. 

3.  The  strengths  are  then  plotted  on  the  modified  Weibull 
probability  paper  on  the  abscissa  against  the  mediae 
ranks  on  the  ordinate. 

4.  A  correction  id  then  made  to  the  resultant  curve  by  deter¬ 
mining  the  probable  value  of  the  lower  bound  of  strength  Xe. 

5.  From  the  c-  rve  thus  modified  the  three  parameters  of  Weibull 
are  then  determined. 

This  method  is  illustrated  by  the  following  example. 

Material:  D6AC  Steel,  Su  -  270  Ksi 

Conditions:  Type  of  Load  -  Completely  Reversed  Bending 

Surface  Finish  -  Mechanically  Polished 
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X 


Figure  6 


.7  Weibull  Plots  for  Vsrlout  Slopes  on 
Weibull  Probability  Paper 
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Stress  Conrpnt-reLier.  Fact^a ,  Kt  -  1.0 

Test  Temperature,  80°F 

Fatigue  Strength  distribution  data  at  10^  cycles  are  (in  ksi): 

57.3,  59.2,  62,5,  55.3,  61.4 

In  order  to  make  the  Weibull  cumulative  plot,  it  becomes  necessary 
to  decide  what  rank  is  to  be  assigned  to  each  particular  strength  value. 

The  lowest  strength  in  a  group  tested  will  have  a  definite  percentage  of 
the  total  population  having  strengths  lower  than  this,  if  the  entire  popu¬ 
lation  were  tested.  If  we  knew  exactly  the  percentage  of  the  population 
having  strengths  lower  than  the  lowest  in  the  sample,  that  percentage 
would  be  the  true  rank  of  the  lowest  strength  in  the  sample.  However, 
since,  we  do  not  know  the  true  rank,  we  make  an  estimate  of  it.  We  use  an 
estimate  such  that  in  the  long  run.  the  positive  and  negative  errors  of  the 
estimate  cancel  each  other.  That  is,  half  the  time  we  would  give  the 
lowest  strength  a  rank  that  is  too  high  and  the  other  half  of  the  time 
a  rank  too  low.  A  rank  with  this  property  is  called  median  rank.  A 
table  of  median  ranks  is  given  in  Table  6.1.  The  test  data  are  then 
arranged  In  an  increasing  order  of  value  and  the  appropriate  median  ranks 
for  sample  size  n  *=  5  are  read  from  Table  6.1  as  follows: 


x,  Ksi 


Median  RankB,  % 


55.3 

57.3 
59.2 

61.4 

62.5 


12.94 

31.47 

50.00 

68.53 

87.06 


These  data  are  then  plotted  on  the  modified  Weibull  probability 
paper  as  shown  in  Figure  6.8,  curve  A. 

In  plotting  these  data  on  assumption  was  made  that  the  lower- 
bound  of  strength  Xq  (i.e.  the  minimum  strength  that  can  be  expectud  In 
the  whole  population)  la  zero.  This  is  obviously  not  the  case,  as 
mechanical  parts  must  have  a  strength  greater  than  zero.  Therefore  the 
next  step  was  to  determine  the  probable  value  of  X  .  This  value  should 
be  somewhere  between  the  lowest  value  of  the  sampl§  (55.3  ksi)  and  zero. 
Aa  the  first  trial  therefore  assume  that  X  is  35  kai. 


By  subtracting 
ing  is  obtained: 


X  from  the  original  set  of  data,  the  follow- 


40 


Ji 

3j  • 


ifgssfflMsmissgitmigtE 

|ll§?S*i§gif?8ggifl?girt?U 

MtMIliglHIflllitlUlill 

gtiglgiiggliaglgggggliigg 

ItimipiSgfaiipiifigi 

!!III!iiHlimitllHl 


§§3iStS8ll§ 


’  «9 d 3 33 33 tS 98 «#»*»»**#* 


^•^aaawasnaa 


41 


Xable  6.1  Table  of  Median  Ranks 
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(*  -  Xq)  Ksl 


Median  Rank* ,  X 


20.3 

12.94 

22.3 

31.47 

24.2 

50.00 

26.4 

68.53 

27.5 

87.06 

When  these  are  plotted  (Figure  6.8,  curve  B)  the  resultant  curve 
Is  not  a  straight  line.  Therefore,  other  values  of  X,,  are  assumed,'5  and 
the  sane  procedure  la  repeated  until,  for  a  certain  assumed  Xq,  one  can 
best  linearise  all  the  test  points.  In  this  case  the  best  line  nearest 
to  a  straight  line  Is  for  Xq  -  50  Ksl,  curve  C.  Through  these  points, 
then,  a  straight  line  Is  fitted  using  the  Least  Square  Method. 

The  value  of  (x  -  X  )  at  63,2%  Is 
the  characteristic  strength  8 : 

read  off  to  determine 

x  at  63. 2X 


63.2% 
e 


-  10.3  Ksl 

<*>63.2%  "91  +  io"  10,3  +  50 
-  60.3  Kal 


The  Welbull  slops  b  la  determined  by  drawing  a  line  parallel  to  the 
straight  line  of  Xg  ■  50  and  passing  It  through  the  pivot  point.  The 
point  where  this  line  intersects  the  Welbull  slope  scale  Is  the  value  of 
the  Welbull  slope.  In  this  case,  b  *  3.0.  Hence,  the  Welbull  parsaeters 
for  the  given  set  of  fatigue  strength  data  are: 


X„  -  50  Ksl 
o 

9  -  60.3  Kal 

b  -  3.0 

‘■’V 

The  analytical  fore  for  the  corresponding  Welbull  equation  1st 


,  X  -50,- 
'60.3-50; 


■  1-0 


These  parameter*  were  tabulated  for  various  materials  under  various 
conditions,  (see  Table^ppendix  ,l)on  the  basis  of  all  the  available  test 
data  obtained.  The  moat  representative  parameters  were  the i  plotted,  At 
shown  in  Figure  6.9  to  Figure  6.115. 

Aa  stated  on  page  36,  one  of  the  advantages  of  the  Weibull  distri¬ 
bution  Is  that  It  plots  as  a  straight  line  on  a  Weibull  probability  paper. 
This  is  shown  below: 

Equation  6 . 2  gives : 


P(x)  1  - 


*  -  X 

/ _ 2 

-  X 


x  -  X 
( — _ _ S\ 

'e  -  x/ 


1  -  F(x) 


b  In  <x-X  )  -  b  In  (0  -  X  ) 
o  o 


This  equation  has  a  fora  T  ■  b  (X)  +  C  which  represents  a 
straight  line  with  a  slope  b  «nd  intercept  C  on  the  Cartesian  X,  I 
co-ordinates.  Hence,  a  plot  of  Inin  l/l-?(x)  against  In  (x  -  X  )  will 
also  be  a  straight  line  with  a  slop*  b. 


*vr  *?;  v  v „ 


V  .*v-  : 


...if 


6.4  GRAPHS  OP  WEIBULL  PARAMETERS 


Weiba  1  parameters  9,  b  and  XQ  for  fatigue  strength  determined) 
as  ahovn  In  Section  6.3, were  thin  plotted  ugainst  life  on  log-log  scale 
for  various  materials  including  the  effect  of  heat  treatment,  stress 
concentration,  temperature,  typ«  of  loading,  surface  finish,  etc.  Weibull 
parameters  for  tensile  strength,  determined  in  the  same  manner  were 
then  plotted  against  temperature  on  Cartesian  coordinates  for  various 
materials. 

For  ease  of  locating  specific  information  the  following  Table 
of  Contents  is  offered. 


MEANING  OF  SYMBOLS 


S„  Ultimate  Tensile  Strength  of  Specimen 

Sy  Yield  Strength  of  Specimen 


a 

Xo 

b 


PK*  a  ♦*  *  r*  St!*: 


r»f  Vi  Urn  4 


Lower  Bound  of  Strength^ksi 


Weibull  Slope 


T  of  L  Type  of  Loading 
R  Rotary  Bending 

P  Plate  Bending 

A  Axial  Bending 


Spec  Type  of  Specimen 

V-N  Vee  Notched,  Flank  Angle  ■  60° 

H-N  Hole  Notch 

No-N  Unnotched 


Sm  Mean  Stress,  ksi 

Kt  Theoretical  Stress  Concentration  Factor 

Melt.  Type  of  Melt  Practice 

Sec.  Op.  Secondary  Operation  Applied  to  Test  Specimen 
T.I.G.  Tungsten  Inert  Gas  Welded 

Surf.Cond.Test  Surface  Condition 
S.P.  Shot  Peened 

C.P.  Chroma  Plated 

C.B.  Chromed  and  Baked 

M. P.  Mechanical  Polish 

G.  Ground 

Scr.  Scratched  Mechanically 

N. P.  No  Preparation  to  Surface 

H.T.  Heat  Treatment  Applied  to  Specimen 

W.Q.  Wetor  quenched 

A.C.  Air  Cooled 

O. q.  Oil  quenched 

8ol.Tr.  Solution  Treated 
Tamp*  Tempered 

Auat.  Auat  initiated 

Norm.  Norma  Used 

Cond.  Conditioned 


INDEX  TO  GRAVHS  OF 
WEIBULL  PARAMETERS 


Material: 


Fatigue  Strength 


Material 


Weibull  Parameters 
can  be  found: 


1.  AISI  3140  Steel 

Effect  of  Stress  Concentration,  H.T.  -  K3 
Effect  of  Stress  Concentration,  H.T.  *■  K/t 
Effect  of  Heat  Treatment,  Unnotched 
Effect  of  Heat  Treatment,  V-Notched 

2.  AISI  1045  Steel 

Effect  of  Heat  Treatment,  V-Notched 
Effect  of  Stress  Concentration,  H.T.  ■» 

3.  AISI  2340 

Effect  of  Heat  Treatment,  V-Notched 

Effect  of  Heat  Treatment,  Unnotched 

Effect  of  Stress  Concentration,  Oil  Querth 

Effect  of  Stress  Concentration,  Air  Blast  Quench  Tamp, 

Effect  of  Stress  Concentration,  Air  Blast  Quench.no 

Temp. 

4.  4140  Steel 

Effect  of  Stress  Concentration 


Page  No. 


Figure  No. 


d6AC  steo1 
Effect  of 

Effect  of 
Effect  of 
Effect  of 
Effect  of 
Effect  of 
Effect  of 

H-ll  Steel 
Effect  of 
Effect  of 
Effect  of 
Effect  of 
Effect  of 
Effect  of 
Effect  of 


Temperature,  Kt  -  1.0 

Temperature,  “  3.0 

Temperature,  Kt  ■  3.0  Sm  ■  30-50  icsi 

Temperature,  ■  1.0  St  ■  70-80  kai 

Stress  Concentration,  T  -  80°F 
Stress  Concentration,  T  ■  450°F 
Stress  Concentration,  T  ■  550°F 


Surface  Treatment,  N.P. 

Surface  Treatment,  N.P. 

Surface  Treatment;,  Pretest  Exposure  at 
Surface  Treatment,  Pretest  Exposure  at 
Surface  Treatment,  Pretest  Exposure  at 
Surface  Treatment,  Pretest  Exposure  at 


Beat  Treatment,  N.?. 


375°F72 
500°F73 
750°F74 
1000° 75 
76 


4-7 


Effect  of  Heat  Treatment,  S.P.,  M.P. 

77 

6.35 

Effect  of  Heat  Treatment,  C.P.,  C.B. 

78 

6.36 

Effect  of  Heat  Treatment,  S.P.  ,  C.B. 

79 

6.37 

7. 

4340  Steel 

Effect  of  Heat  Treatment,  V-Notched,  Air  Melt 

80 

6.38 

Effect  of  Heat  Treatment,  Unnotched,  Air  Melt 

81 

6.39 

Effect  of  Heat  Treatment,  V-Notched,  Vac.  Melt 

82 

6.40 

Effect  of  Heat  Treatment,  Unnotched,  Vac.  Melt 

83 

6.41 

Effect  of  Heat  Treatment,  V-Notched,  Vac.  Melt 

84 

6.42 

Effect  of  Melt  Practice,  V-Notched,  H.T.A. 

85 

6.43 

Effect  of  Melt  Practice,  V-Notched,  H.T.B. 

86 

6.44 

Effect  of  Melt  Practice,  Unnotched,  H.T.A. 

•87 

6.45 

Effect  of  Melt  Practice,  Unnotched,  H.T.A. 

88 

6.46 

Effect  of  Stress  Concentration,  H.T.A.  Air  Melt 

89 

6.47 

Effect  of  Stress  Concentration,  H.T.B.  Air  Melt 

90 

6.48 

Effect  of  Stress  Concentration,  l.  .A.  Vac. Melt 

91 

6.49 

Effect  of  Stress  Concentration,  H.T.B.  Vac. Melt 

92 

6.50 

Effect  of  Stress  Concentration,  H.T.A.  Vac. Melt 

93 

6,51 

Effect  of  Stress  Concentration,  .  T  .B.  Vac, Melt 

94 

6.52 

8. 

AISI  4340  Steel 

Effect  of  Heat  Treatment,  Hot  Rolled  and  Lathed 

95 

6.53 

Effect  of  Heat  Treatment,  Forged  and  Ground 

96 

6.54 

9. 

Thermold  J. 

Effect  of  Stress  Concentration 

97 

6.55 

10. 

Fe,  5.5%,  Mo,  2,5%  Cr.,  5%  C 

Effect  of  Stress  Concentration 

98 

6.56 

11. 

M10  Tool  Steel 

Effect  of  Heat  Treatment 

99 

6.57 

12. 

321  Stainless  Steel 

Effect  of  Stress  Concentration  at  80°F 

100 

6.58 

Effect  of  Stress  Concentration  at  -320°F 

101 

6.59 

Effect  of  Stress  Concentration  at  -423°F 

102 

6.60 

Effect  of  Process  at  80°F,  Kt  -  1.0 

103 

6.61 

Effect  of  Process  at  -320°F,  Kt  -  1.0 

104 

6.62 

Effect  of  Process  at  -423°F,  Kt  -  1.0 

105 

6.63 

Effect  of  Temperature,  M.P. ,  Kt  -  1.0 

106 

6.64 

Effect  of  Temperature,  M.P. ,  Kt  **  3.5 

107 

6.65 

Effect  of  Temperature,  T.I.G.  Welded,  Kt  *  1.0 

108 

6.56 

13. 

A-286  Stainless  Steel 

Effect  of  Temperature,  M.P.,  Kt  »  1.0 

109 

6.67 

Effect  of  Temperature,  M.P.,  Kt  ■  3.5 

no 

6.68 

Effect  of  Temperature,  T.I.G.  Welded,  Kt  ■  1.0 

in 

6.69 

Effect  of  Stress  Concentration  at  80°F 

112 

6.-0 

▼i 


'  •  *••  VAtf*  v 

►*  "  •) 


Effect  of  Stress  Concentration  at  -320°F 

113 

6.71 

Effect  of  Stress  Concentration  at  -423°F 

114 

6.72 

Effect  of  Process  at  80°F 

115 

6.73 

Effect  of  Process  at  -320°F 

116 

6.74 

Effect  of  Process  at  -423°F 

117 

6.75 

14. 

Multiment  N-155 

Effect  of  Temperature,  Axial  Load 

118 

6.76 

Effect  of  Temperature,  Rotary  Bending 

119 

6.77 

Effect  of  Surface  Treatment,  Axial  Load 

120 

6.78 

Effect  of  Type  of  Loading,  1200°F 

121 

6.79 

Effect  of  Type  of  Loading,  1350°F 

122 

6.80 

Effect  of  Type  of  Loading,  1500°F 

123 

6.81 

15. 

Multiment  Nl-155 

Effect  of  Surface  Finish 

124 

6.32 

Effect  of  Surface  Finish 

125 

6.83 

Effect  of  Surface  Finish 

126 

6.84 

16. 

17-7  PH 

Effect  of  Stress  Concentration 

127 

6.85 

17. 

Duralumin 

Effect  of  Salt  Water  Corrosion 

128 

6.86 

18. 

T1-6A1-4V 

Effect  of  Temperature,H.T.A. 

129 

6.87 

Effect  of  Temperature^H.T.B. 

130 

6.88 

Effect  of  Heat  Treat»ent^80°F 

131 

6.89 

Effect  of  Heat  Treatment, 400°F 

132 

6.90 

Effect  of  Heat  Treatment j6009F 

133 

6.91 

Effect  of  Heat  Treatment k800°F 

134 

6.92 

Effect  of  Heat  Treatment |80°F,  Sm  ■  82-107  ksi 

135 

6.93 

Effect  of  Heat  Treatmentt400°F,  Sm  -  30-42  ksi 

136 

6.94 

Effect  of  Heat  Treatment) 400°F,  Sm  ■  77-100  ksi 

137 

6.95 

Effect  of  Heat  Treatment »800oF,  Sm  "  40-64  ksi 

138 

6.96 

Miscellaneous-Effect  of  Mean  Stress 

139 

6.97' 

Miscellaneous -Effect  of  Mean  Stress 

140 

6.98 

Miscellaneous-Effect  of  Mean  Stress 

141 

6.99 

Miscellaneous-Effect  of  Mean  Stress 

142 

6.100 

Miscellaneous-Effect  of  Mean  Stress 

143 

6.101 

1.  Low  Carbon,  Low  Alloy  Steel,  (Killed)  144 

2.  Low-Medium  Carbon,  Low  Alloy  Steel,  145 

3.  Killed,  Low  Carbon,  Low  Alloy  Steel,  146 

4.  Low-Medium  Carbon,  Low  Alloy  Steel,  147 

5.  Low  Carbon,  High  Alloy  Steel  148 

6.  Low  Carbon,  High  Alloy  Steel,  149 

7.  Stainless  Steel  (17%  Cr.,  12%)  150 

8.  Low  Carbon,  High  Alloy  Steel  151 

9.  Stainless  Steel  (25%  Cr.,  12%  Ni,  2%  C)  152 

10.  Stainless  Steel  (18%  Cr.,  8%  Ni,,.8%Tl*  (.04-.09)7„C)  153 

11.  Stainless  Steel  (18%  Cr.,  8%  Ni.,  .8%  Cb,.06%C)  154 

12.  Stainless  Steel  (18%  Cr.,  8%  Ni,  (.02-.09)%C)  155 

13.  Stainless  Steel  (18%  Cr.,  12%  Ni,  2%  Mo,  ,08%C)  156 


14'.  Stainless  Steel  (25%  Cr.,  20%  Ni.,  2%  Mn,  2  Si, ,25%  C) 


157 


AISI  3140 


FATIGUE  STRShQTE 


Sy  »  87  ksi 


Su  -  108  ksi 

Effect  of  Stress  Concentration 


Rotary  Beam  Bending 
Room  Temperature 
Composition? 

.4*  Cf  Mn,  .  J*  Sly 
1.2*  HI,  .63*  Cr! 

Figure:  6.9 


Hot  Rolled,  Lathe  Turned, 
Hand  Polished 
Mean  Stress  -  0 
Heat  Treatment: 

ItySae  Page.  198,  Item  1 
(For  Tabulated  Data  See  Page  207  ) 


31 


WW*  aiiaamriu 

A1SI  31*K)  Su  -  109  ksl  8y  •  75  k»i 

Effect  of  Stress  Concentration 


Rotary  Bean  Bending 
Room  Temperature 
Composition: 

.40  C,  ,80  Mn,  .30  SI, 
1.20  HI,  .650  Crj 

Figure:  6.10 


Hot  Rolled,  Lathe  Turned, 
Hand  Polished 
Kean  Str4s»?«i0 
Heat  Treatment: 

Kj,:i  See  Pag*  1$0»  Ztear : 
(For  Tabulated  Data  See  Page  207  ] 


AISI  3140 


By  -  87,  75  ksl 


FATIGUE  8TREHQTH 

S,a  -  108,  109  ksi 


Effect  of  Heat  Treatment 


Hot  Rolled,  Lathe  Turned, 

Hand  Pollahed 
Kean  Strata  ■  0 
Heat  Treatment!  . ,  „  .. 

a  Kh*  sea  Page  198,  Item  1 

(Jbr  Tabulated  Data  See  Page  207  ) 


Rotary  Beam  Bending 

Unnotched 

Compoeitiont 

M  c,  si 

1.2J&  Hi,  .&&  Cr.1 

Figure:  6.11 


migug  gagaora 

iTST  31»f0  Sy  ~  ICS,  105  «1  3y  -  57 1  “j  ani 

Effect  of  Heat  Treatment 


Rotary  Beam  Bending 
V -Notched 
Composition: 

M  C.  .8#  Mn,  .3*  Si 
1.2#  Hi,  .65#  Cr  ! 

Figured. 12 


Hot  Rolled,  Lathe  Turned, 

Hand  Follihed 
Mean  Stress  ■  0 
Heat  Treatment: 

K3  h  K4:  see  Page  198,  Item  1 
(For  Tabulated  Data  See  Page  20^) 


54 


AISI  1045  Steel 


■  imwnw  ornmnianma 

Su:  Kl  -  105  kei>  Kg  -  120  ksi 
Effect  of  Heat  Treatment 


Rotary  Beam  Bending 

Vee  Ketch,  Flank  Angle  ■  60' 

Composition: 

.4.V. 50*  C,  .60- .90*  Mn, 
.040*  max.  P,  .09*  m*x.  8 
Figure:  6.13 


Hot  Rolled,  lathed, 

Hand  Polished 
Mean  Stress  »  0 
Heat  Treatment: 

!  See  Page  198,  It®  2 
(For  Tabulated  Data  See  Page. 208  ) 
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AISI  1045  Steel 


FATIGUE  aBnnrwm 


Su  •  105  By  •  84  kai 

Sff*ot  of  Stress  Concentration 


Rotary  Beam  Bending 
Room  Temperature 
Compositions 

C,  .60 -.90*  Ma 
.040  max.  p,  .05*  max.  S 

Pigure!6.14 


Hot  Rolled,  lathed  ' 
Paliahed 
Mean  Streaa  *  0 
Heat  Treatments 

Kll  8n  Pa*«  198>  It-n  2 
(For  Tabulated  Data  See  Page  20ft  ) 


A3.S1  2340  Steel 


FATIGUE  STRENGTH 

3U  -  116  -  122  k?i 

Effect  of  Heat  Treatment 


X  .  4 


Hill 


--=»SBSSS 


III! 


Rotary-  Beam  Bending 

Hot  Rolled,  Lathe  Turned 

V- notched 

Hand  Polished 

Composition: 

Mean  Strese  -  0 

Unknown, 

Heat  Treatment:  See  Page  198 

Item  4 

Figure: 6.15 

(For  Tabulated  Data  See  Page  210  ) 

ALS1  2340  Steel 


FATIGUE  STRESS™ 


Sy  -  116  ksl,  Sy  =  96  JKSi 


Rotary  Beam  Bending  Hot  Rolled,  Lathe  Turned 

Cowrositionv  Horn?  Polished 

Unknown  Mean  Stress  »  0 

Heat  Treatment*. 

A  ■  oil  quenched  from  1^50*P, 
tempered  at  1200 °F 

Figure:  6,17  (For  Tabulated  Data  See  Page  210  ) 


59 


ALS1  2340  Steel 


FATIGUE  STRENGTH 


Sy  -  119  kai,  Sy  -  79  ksi 


Effect  of  Stress  Concentration 


Rotary  Beam  Bending  Hot  Rolled.  Lathe  Turned, 

Hand  Ball shed 

Composition: 

Unknown  Mean  Stress  -  0 

Heat  Treatment:  B:  air  Blast 
quenched  from  l450°F,  tempered 
at  700 *F 

Figure: 6.18  (For  Tabulated  Data  See  Page  210' ) 
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4lU0  Steel 


FATIGUE  STKfiWUxn 


Su  »  135  ksl,  Sy  -  122  ksi 


Effect  of  Stress  Concentration 


Rotary  Beam  Bending 


Main  B trass  ■  0 


Stress  Cone.  Factor  Kt  -  1.0  for  unnotchaj 

x.  m  unknown  for  V-notched  Aust.  1550  F 
„  ...  H  unaiwiro  1230*1  1  hr. 

Conpositioni  '  ^ 

Standard  4l40 

Figure 1 6.20  (For  Tabulated  Bata  Bee  Page,2l0) 


62 


^6  AC  st*el 


FATIGUE  STRENGTH 


Sy  -  270  kai,  Sy  -  237  k«< 


Effect  of  Temperature 


Axial  Load,  Completely  Sever ltd  Hat  Rolled,  Boliahed 

Streaa  Cono.  Factor  Xt  -  1*0  **•«  Streaa  «  0 

Ccepoaltio&X  See  left  1M»  Te mr*  Haet:  Treatment} 

‘Sea~Pa*e  198,'itam  6 

Figure: 6.21  (Tax  Tabulated  Data  See  Page ,2\3') 


D^aC  jjadish  Steel 


Fxzmm  swamm 


life, 


Axial  Load,  Completely  Raver aed  Hot  Boiled,  Bollahed 

( 

Strata  Cone.  Factor  Kt  *  3«0  Mean  street  •  0 

^offlQpoeitioniseHi  fa*a  19S,  It**  «  Heat  Treatments 

SaajN*a  19S,  Ita»  6 

Figure i  6.22  (For  Tabulated  Data  8eo  Page  213  ) 


Eg  Ac  Ladish  Steel 


FATIGUE  STRENGTH 


Sy  -  270  lesi,  Sy  -  237  ltsi 


Effect  of  Temperature 


Axial  Load  Hot  Boiled,  Polished 

Stress  Cone.  Factor  «  3*0  Mean  Stress  -  30-50  ksi 

Composition!  see  PM*  19®.  Its*  <  Heat  Treatment  1 

See  P**«  198,  Itea  6 

Figure: 6.23  (For  Tabulated  l*ta  See  Pag*  213) 
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9. 


06 AC  0adi8h  Steel 


FA™?™  STOimrvm 

8U  ■  270  k.8iP  Sy  ■  237  kfll 


Effect  of  Stress  Concentration 


Axial  Load,  Completely  Reversed 
Temperature  •  0O*F 
Qompoaitior  see  Page  198,  It«  6 


Hot  Rolled,  Polished 

Mean  Stress  a  0 

Heat  Treatment: 

See  Page  198,  Item  6 


Figure t  6.23  (Ibr  Tabulated  Data  See  Page  213  ) 


D6ac  Ladish  Steel 


FATIGUE  STRENGTH 


3„  -  270  ksi.  Sv  -  237  ksi 
«  * 


Effect  of  Stress  Concentration 


Axial  Load,  Completely  Reversed 
Temperature  ■  550*7 

I 

Composition;  Set  p«ge  198,  Item  6 


Hot  Rolled,  Polished 

Mean  Stress  *  0 

Heat  Treatment; 

See  Page  198,  Item  6 


Figure!  6.27  (For  Tabulated  Lata  See  Page, 213  ) 


H-ll  St»»l 


-L^Bjp-cA. 


•  r  i  : 


FATI wa  gPBIOTH 

»u  -  k  (-£  ksi  Oj  - 
Effect  of  Ourfac'j  Trentaent 

-L4L3MHWM 


,  tiijj.  j.  i 
i  i  ij-ii  I  i  HlH-TT'- ;  t  tt+ffil 


i-!->--+rM  ■TJ"t 


I  S  '•  L+.i.Pc:+ 

!  |  . ! . i x. -I- -j — j •  -J  -L.Ji.-L. 

i  1  i  '  i  H  :  !  Il 


•  ,  ■  rrmr  •  ym  iTTiTf!  I  5  [T  rj _ 1  [ T 1 

tgJmt . rtrltinU-  rnlrntT 


*  [ 

•  i-  -r 


it; 

_1  .  -  s.  I  I  •  I  l  i  -t- 


H:  :  ::Ti:..4r'.tTCT.t 

Ii' , ; lir: pi tri±I 

lyttLi 


;  , ; ...  L  .4  -  J  4  ■{  • 


L.  i  - 


■  i -1  ;4 . r 

.cb-sb  ,  ..art:  ;:_4 


-lap-uBj  ;  tlT 


"RTF 


j-j  mi 

>.  \  fc  JR' 


y  k  )  t,  7  «  «  t 
Hfe, 


mm 

u 

4ft- 

f 

ii 

: 

J_ 

Lx... 

J  *  »M  l 

_  .  Sot  Foiled,  Lethe  Turned 

Rotary  Been  Benuln*  Qrein  Direction  is  Trenaverae 

Mean  Streoa  -0  to  Axi r 

Compositions  Surface  Treatment  Code: 

5*  Cr,  1.551  Mo  *  M  V,  C  Seepage  4<^ 

No  (PretesQ  Conditioning 
Initial  Hmat  Treatment: 
see  page  1^9 ,  Item  7 

Figure .*6 4*  !  (For  Tabulated  Data  See  Page  214  ) 


FATIGUE  STxtEHQTa 


H-U  Steel 


Su  -  272  ksi  Sy  ■  228  ks 


Rotary  Beam  Bending  Hot  Rolled,  lathe  Turned 

Mean  Street*  -  0  Grain  Direction  Trane verne 

Composition:  to  Lengthviae  Axle 

#  Cr,  1.;5<#!M0,  .ty  V,  .3511  C  Surface  Treatment  Code: 

Saa  Paj#  46 

Ho  Pre-Test  Conditioning 
Initial  Heat  Treatment:  : 
Saa  Page  199,  Ttam  7 

Figure: 6 .19  (Pot  Tabulated  Data  Sec  Page  214  ) 


H-U  Steal 


fatigue  ammoiH 


Su  -  272  *ai  Sy  -  228  kei 
Effect  of  Surface  Treataient 


Rotary  Bean  Bending 
Mean  Streaa  -  0 
Coapoiltlon: 

5*  Or,  1.5*  Mo,  .4*  V,  .35*  C 


Figures  6|3C ,  (For  Tabulated 


Hot  Rolled,  Lathe  Turned 
Grain  Direction  Transverae 
to  Lengthwise  Axle 
Surface  Treatment  Codes 
i  See  Page  46 
Sxpoaed  k  hr.  at  3?5*F 
Initial  Heat  Treatments 
See  Page  1W,  item  1 
Data  See  Page  214  ) 
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TATICRIK  gHtowra 


H-ll  Steel 


pl.  •  272  kel  8v  -  228  k>1 

-U  « 


Dtery  Beta  lending 
■«o  Stree*  ■  0 

onpoeition: 

yji  Cr,  !•%■*>»  •I4**  -5^° 


M  A  I'tt 
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Axial  Load#  Completely  Refereed 


9X0  »  Vnagaten  Inert  Gas  Welded 
HP  -  HaMMiUcally  roXiihao  1 


Stress  Cone.  Faeto r  Kt  ■  110  Mian  Strati  ■  0 

Composition:  Heat  Treataantt?”.1 

lBjl.Crl,  10#  Hi,  2#  Ma,  1#  Si,  Hot  Rolled,  Annealed 

.00#  C 

Figure tl.il  (Ibr  Tabulated  Data  See  Page  214  ) 


Heat  TreataanttT.  . 
Hot  Rolled,  Annealed 


fee  i  #age2U0,ltem  1/ 
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FATIGUE  STRENGTH 


yki.  scainieaa  steel 


■  flt  -  86  kal,  S  -  58  ksl 

jr 


Effect  of  Proeeaa  at  -320*F 


Axial  Load,  Completely  Reverted 

Streae  Cone.  Factor  »  1.0 
Canposltlon: 

10fi6r(,  10*  ltti  S*  Mn,  1)1  81, 
.0#*  C 

Figure: 6.62 


TIG  “  Tuugeten  Inert1  Gee  Welded 
MF  ■  Mechanically  Pollehed 
Mian  Ptreaa  ■  0 

Heat 'Treetnentise*  MgezOOyTtaa 
Hot  Rolled,  Annealed 


(For  Tabulated  Data  8ee  Page  224*  ) 
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321  Stainless  Steel 


FATIGUE  STRENGTH 

Su  -  86  ksl,  Sy  -  38  ksl 
Effect  of  Process  at  -423*F 


Axial  Load,  Completely  Reversed  TIG  -  Tungsten  Inert  Gas  Welded 

MP  *  Mechanically  Polished 

Stress  Cone.  Factor  Kt  ■  1.0  Moan  Stress  -  0 

Composition:  Beat  Treatment:  Seo  Page  $00,fteml?., 

185  Cr:,  10*  fil,  25  Mn,  l5  Si,  Hot  Rolled,  Annealed 

.085  C 

Figure:  6,63  (For  Tabulated  Data  Sea  Page  224  ) 
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A- 286  Stainless  Steel 


FAMOUS 


Su  -  90  fcsi  8y  -  46  )tsi 


life. 

Axial  Load,  Completely  Reversed  Mschaalcally  Polished 

Stress  Cons.  Factor  Kt  *  1*0  Mean  Stress  «  0 

Composition:  lest  Treatment  tfana  200, Itee  13 

1 &  Or,  26*  si,  1.9!%  Ms,  2ft  Ti,  Solution  treated,  sot  Soiled 

.2511  A1 

Figure*  6. 6?  I  (Far  Tabulated  Data  See  Pafls  2ft6  ) 


A-286  Stainless  8teel 


FATIGUE  BERgBOTH 


Su  *-  90  kel  By  ••  46  kai 
errecG  ox  xonqpjjraiure 


iff- 


Axial  Load,  Completely  Reversed  Mechanically'  Polished 

Stress  Cone.  Factor  IC^  ■  3*5  Kean  Stress  ■  0 

Composition:  _  Heat  Treatment  jPege  200jltisil3 

lyinQjci  26$  Rl,  1.25^  Mo,  2$  Ti,  Solution  Treated,  Hot  Rolled 

.23)1  A1 

Figure:  6.66  (For  Tabulated  Data  See  Page '226  ) 
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FAT33CS  BOTTOM 


A-286  SteioleoG  Steel 


Sj,  ■  90  k*i  8y  »  46  ks 


Sffeet  of  Temperature 


XxitJi  Load,  Coft$CUt»l]r  S*>ari*d  fur$#t<w  Zikw®  9*#  tJetded 

Stveee  Owe,,  feutor  K%  *  ,1.0  .  Mean  ftirete  *  0 

TTwp-|  ui —  Seat  306 

\%  Or,  till  Bl,  1.2%  *>,  *$  Tl,l  Glo&trti**  tfr tot  Belied 

.ajiti 

Vlfuret  6.69!  (tor  SUBmUted  Cat*  Hw  Sp'Mf  S  , 


I 


f  >• 


s  I 


A-2&6  Stainies*  st««l 


^  -  90  ksi  Sy  -  46  k*l 


Effect  of  Stress  Concentration 


Axial  Lcad^  Completely- Rorereed 
Teapcrature  t>  0O*F 
CfoBflpoultioaj 

1?| for,  26*<lJi,  1.25*  ho,  2*  Tl, 
.25*  A1 


Mechanically  Polished 
Mean  Strata  «  0 

Beat  Treatment  pat  a  200 £ tee  13' 
Solution  Treated,  Hot  Rolled 


Figure:  6.70  (for  Tabulated  Data  See  Page  226  ) 
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A-286  Btainleaa  steel 


FATKM5  STRXBUTH 

.5^  “  ,9Gkod  5y 

Effect  of  fltreaa  Concentration 
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Axial  Load,  Complete  ljr  Harare*! 
Teeperature  ■  ‘WjT 


Mechanically  Foliated 
Mean  ttreae  ■  0 


loot  Treetaentfa^e  VS 

Solution  Treated,  Bnt  Moiled 


Coapoaitloni  lect  Treatment* 

lJ^Cri  26#  H,  1.85#  Mo,  8#  Ti,  Solution  treated 

*25*  ^  Figures  6.72  (Ibr  Tabulated  Data  See  fagel  2*fc) 


famous  srasiKna 

A-2f.  >  Stainless  Steel  &U  ■  90  ksi  Sy  -  46  ksi 

Effect  of  Proness  at  80*F 

'f *'i Tf'iT'rm it  i  f  i  m  min""!  r  1 1  =  t  'i  r  ■ i i 
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Axial 

Load,  Oortflataly  Xavarar<i 

TSJ  ■  9ut£0*taa  Irert  Qaa 

Vollad 

M?  *  KMlnaleaTy  PoilahaJl 

Straoa  0mm.  Factrtar  L  -  1,0 

Mmd  HtVWM  *  0 

OtopM 

llVilM 

Meat  tcaaMMtJNia  Jbo^ttea  13 

3jS 

.•5 it 

m  U,  1.1*  Ho,  fl*  *i, 

MsMu  fmisA,  lot  HbUaA 

Ptgmi  A4i  (Voar  MiM  tm  hto  »» J 

A-2Q6  Stainless  Steel 


SO  ksi  S, 


FATIGUE  STRENGT 


Jirrecc  ox  rruuesi  ul 


SBSIKi 


senium 


IHKHi 


Axial  Load,  Coaqpletely  Bereraed 


Stweas  Cone,  Factor  Kt  •  1-0  Mean  Stress  *.  0 

CoKtsltloiit  Beat  Ti  es  twain  ifi 

l^LCty  i*)^  Solution  Tree  tad 

Figure 1 4.7)  (Fur  Tabulated  Data  Sea  Faga  196  ) 


TIG  «  Tungsten  Inert  Oas 

Welded 

HP  m  Msufcanlaally  Polished 
Mean  Stress  *»  0 

Beat  Xrea«wenttf*a*e  2tK\dtaai 
Solution  Treated,  Hot  Rolled 
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Multlnent  N-155 


fftwant  ffiwanw 


Su 


119  leal 


Sy  ■  60  ksl 


Effect  of  Temperature 
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Axial  Load*  ',  Completely  Reversed 
Composition: 

21$  Cr|,  20$  Ni,  20$  Co, 

5$  SI,  3$  Mo,  3$  W, 

1.5$  Mn,  1$  Cb,  .15$  C 
figure1.  6.76 


Lathe  Turned  or  Bored, 
Mechanically  Polished 

. .  .  Mean  Stress  *>  0 
Heat  Treatment: 

See  Page, 200,  Item  15A 

(For  Tabulated  Data  See  Page  22#  ) 


L8 


Rotary  Beam  Bending 
ConfflOBitiont 

2151  Crf,  20*  Hi,  20*  Co 

5*  81'  X  **>'*  % 

l.?*Mn,  l*Cb,  •l^C,  ■ 

FlgvuN.i6.77 


Lathe  Turned  or  Bored, 
Mechanically  Poliahed 
Mean  StreaB  -  0 
Heat  Treatment: 

Sea  Page  200  tom  15A 

(yor  Tabulated  Data  See  Page  228  ) 


119 


120 


FATIGUE  STREhqTH 


Multlment  N-155 


Su  -  119  leal 


Sy  ■  bO  ksl 


Effect  of  Type  of  Loading 


Temperature  ■  1200*F 
Ccmpoeitlon: 

21$  Ct\  20*  HI,  20$  Co 
3*  si,  5*  Mo,  3*  v, 

1.5*  Mn,  1*  Cb,  ,15*.  C 
.  Figure:  6,79 


(For  Tabulated  Data  See 


Lathe  Turned  or  Bored, 
Mechanically  Polished 
Mean  Stress  •  0 
Heat  Treatment: 

Sea  Page  200,  Item  15A 
Page  22*  ) 


rATIOUE  STRENGTH 


Mol +■ < «i«nt 


r..  m  no  Wni  fly  *  tin  icai 

v*  * 

Effect  of  Type  of  Loading 


Lathe  Turned  or  Bored, 
Mechanically  Polished 

Mean  Stress  -  0 
Heat  Treatment i. 

See  Page  200,  Item  15A 

(Ibr  Tabulated  Data  See  Page  228  ) 


Temperature  ■  1350 °P 
Composition: 

21 f  Cri,  20*  Ni,  20*  Co, 
5*  Si,  3*  Mo,  3*  M, 

1.5*  Mn,  1*  Cb.  .15*  C 
.  ”  '  Figure:®, 80 
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Tnepeteture  «  1900*7 
Conpoaition: 

21*  Cr|,  20*  Nl,  2011  Co 
3*  81,  3*  Mo,  9*  V, 

1  •  5ft  Mb,  1*  Cb,  *19)1  C 
Figure: 6.81 


I*tha  Turned  or  Bored, 
Mechanically  Polished 
Mean  Stress  -  0 
Heat  Treatment: 

See- Page  200,  Item  15A. 
(I\9r  Tabulated  Data  See  Page  229  ) 
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FATIGUE  STRENGTH  ... 

Miltiment  N-155  Stainless  Sy  *119  ksi'  Sy  =  60  kail 


Effect  of  Surface  Finish 


Axial  Loaded,  Completely  Reversed  Mean  Stress  =  0 

Stress  Cone .J  Factor  Kt  ■  1.0  Heat  Treatment:  Sol.  Treated 

2200#F,  1  hr, WQ,  Aged  lUOO'F 
Composition:  2l$Cn,  20#  N.j_,  20$  C0  16  hrs,  A.C. 

3 %  3#  W,  1.5#  Mn,  H  Ch>  -15#  C 

Figure: 6. 82  (For  Tabulated  Data  See  Page/229  ) 
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FATIGUE  STRENGTH 

Multlment  N-155  Stainless  Sy  »  126  ksi  Sy  *■  73  I- 

Effect  of  Surface  Finish 


I  .  L 


Plate  Bending,  Completely  Reversed  Mean  Stress  *  0 

Stress  ptttif., Factor,  Rfc  ■  1.0  Heat  Treatment:  sol 

'Treated,  2200°F,  1  hr,  Vfij 
Composition:  2i%  Cr,  20%  Ni#  20*  Cq,  'Aged  l.hOO°F,  16  hrs,  A.C. 

%  Mo>  3 1H,  1.5*  «a,  l4  Ch,  .15*  fi. 

Figure:  6.03  (For  Tabulated  Data  See  Page229\  ) 


FATIGUE  strength 

S  =  13  9 

4iltiment  S-155  Stainless 

Effect  of  Surface  Finish 


Cy  -  CO  K81 
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‘  i 1 
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■ "hit . rn 


plate  Bending,  Completely  Reversed 

Stress  Cone-  Factor  Kb  -  1*°  ^ 

Composition:  21*  0^  20*  %,  20%Cq 

3tk»  3&*  lt57^  1%  h'  5* 


Mean  Stress  =  0 

Heat  Treatment:  Sol.  Treated 
2200 °F,  1  hr,  WQ,  Aged  14-00  F 
16  hrs,  A.C. 


mmiresfi  84  (For  Tabulated  Data  See  Page  229  ) 


17-7  PH 


FATIGUE  STRENGTH 


Sy  205  kei  Sy  *  195  ksl 

Effect  of  Street  Concentration 


Ufa. 


Axial  Load,  Completely  Reversed  Band  Polished— Longitudiaai 

Teaiperatore  *  W°F  j  Mean  Stress  -  0 

Composition?  Beat  Treatment: 

17^4  Cr|,  714  HI,  1.1514  Al,  Sea  ?p*e  201,  Item  17 

.ty  SI,  .714  Mn,  .0714  C 

Figure: 6. 83  (For  TaMbated  Data  See  Page  232  ) 


Duralumin 


fATimja  tummmi 

Effect  of  Salt  Water  Corrosion 


£\,,  Sy  -  Unknown 


Rotary  Beam  Bending  Specimen  Conditions 

Stress  Cone.  Faetox*  -  Unknown  Unknown 

Composition:  Mean  Stress  -  Unknown 

Al,  Cu,  Mn,  Mg  Heat  Treatments 

,  Unknown 

Figure; 6. 86  (For  Tabulated  Data  See  Page '23 6;  ) 


FATIGUE  STRENGTH 


TJ.L6AL-4V  Su  «  177  ksi,  Sy  =  166  ksi 


Effect  of  Temperature 


i 

Ltf*. 


Rotary  Beam  Bending  Hot  Rolled 

Conqposition:  Mean  Stress  =  0 

6$  Al^  4$V,  Max  .07$  Ki,  max  .10$  C,  Heat  Treatment: 

max  .015$  max  .40$  Fe,  max  .30$  0  (A:  aiol.  treated  l690°F,  12  min. 

[HQ,  «ged  900°F,  4  hrs.  air  cooled) 

Figureri.87  (For  Tafrolkted  Data  See  Page;  237  ) 


FATIGUE  STRENGTH 


T1-6A1-4V  j 


afreet  or  Temperature 


Rotary  Beam  Bending  Hot  8 

Mean 

Composition:  Heat 

6^A1,  b%V,  max.  07$,  max.  10$  B:  a 

C,  max  .015$H,  max  .b  <#Fe,  max. 30$  0  W 

a 


Figure: 6, 88  (For  Tabulated  Data 


ti-6al-4v 


?ATI Ota  STREnGTH 


Su  -  177  kali  Sy  -  166  ksi 


Effect  of  Heat  Treatment 


Botary  Beam  Banding 
Temperature  -  80*F 
Ccopoeition: 

6*AJ,  W,  max  . 
max  .015#,  max 


07*j$i#  max  .10*  C, 
.40*Fto,  »«  *30*  0 


got  tolled 

Mama  Strata  -  0 

Heat  Treatment: 

HT-A  and  HT-B 

Sea  Page  202,  Item  28 


Figure:  6.89  (For  Tabulated  Data  See  Page  237>) 


T1-6AL-4V 


FATIGUE  STRENGTH 


Su« 


Effect  of  He At  Treatment 


Rotary  Beam  Beading 
Tenparuture  ■  80*F 
Coepoeitiou: 

6*A1,  kp,  max  .07%,  max  .10%  C, 
max  .015W,  max  .40%Fe,  max  ,30%  0 


Hot  Roll* 
Mean  Stre 
Heat  Tret 
HT-A  and 
See  Page 


Figure (6. 93  (For  Tabulated  Data  See 


T1-6A1-4V 


FATIGUE  STRENGTH 


_  «  nn  «  .  _  ■  rt  1  £.£. 

r>u  ■■in 

Effect  of  Heat  Treatment 


Figures  6.94  (For  Tabulated  Data  See  Page  238  ) 


ti-6al-4v 


jp’AX'iuuJi  axtuanuxn 


Su  =  177  ksi,  Sy  «  166  ksi 


Effect  of  Heat  Treatment 


Hot  Rolled 

Mean  Stress  ■  77” 100  ksi 
Heat  Treatment: 

max  .10#  C,  HT-A  and  HT-B 

max  .30#  0  Sea  Page  ,202,  Itsai  28 

figure: 6.95  (For  Tabulated  Bata  See  Page  238  ) 


Rotary  Beam  Bending 
Temper ature  -  400*P 
Composition: 

6#A1,  4#V,  max  .07#Ri, 
max  .015#H,  max  .40V1, 


1 


«  OVO 


Ti-uAl-4v 


FATIGUE  STRENGTH 


166  ksi 


Oy  «  if  I  kBX,  Oy  - 


Miscellaneous  Ra suits 
(Effect  of  Mean  Stress) 


Rotary  Beam  Bending 

Temperature  -  80'F  (jut  Rolled' 

Composition!  Seat  Treatment: 

6^A1>  lf^V,  max  .07^1,  max  .10%  C,  A:  Sol.  treated  l690°F,  12  min. 

max  .OIJ^H,  max  .i<#Fe>  max  .30^  0  WQ,  aged  900*F,  U  hrs.  air  cooled 

Figure: 6.97  (For  Tabulated  Data  See  Page  23C  ) 


FATIGUE  STRENGTH' 

T1-6A1-4V  -177  Zy  m  lf>(>  ksi 

Miscellaneous  Results 


Rotary  Beam  Bending 
Temperature  =  .400°F 
Composition: 

6#Ai;  ^#V,  “’a*  .0?#!^,  max  .10#  C/nax‘ 

.015#H,  max  .4o#Fe>  max  .30#  0 

Figure: 6.98  (For  Tabulated  Data  See  Page -239  0 

I 

i 

L  ; 

i  ( 


'Hot  Rolled i 
Heat  Treat&snt : 

A?  sol.  treated  169©*F,  12  mia» 
Wft,  aged  900ffF,  4  hrs,  air  cooled 
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Tij-6A1-4V 


FATIGUE  BTRERGIH 


&11  E  3-77  !i£i>  2y  -  ''■si 


Miscellaneous  Be  suits 


Temperature  -  600*F 

ConpoEltloni  Heat  Treatment: 

6W0V  M6V,  max  .ontei,  max  .lOJtc,  B:  eol.  treated  l675#F>  20  min. 

.019JH,  max  AO^FCj  max  .30^  0  Wft>  aged  900°F,  ^hrs.  air  cooled 

Figure: 6.99  (For  Tabulated  Beta  See  Page ^239  ) 


Ti-6AlAV 


FATIGUE  STRENGTH 


Su  =  177  ksi,  Sy  -  166  ksi 


Miscellaneous  Results 
(Effect  of  Mean  Stress) 


Figure:6.l00  (For  Tabulated  Data  See  Page  239  ) 


ti-6al-4v 


FATIGUE  STKflmSf 


Su  -  177  kai,  Sy  -  166  ksi 


Miscellaneous  Results 
(Effect  of  Mean  Stress) 


Rotary  Bean  Bending 


Temperature  ■  900*7 
Compositions 

6^2,  max  -OT&tt  ««  *10 %  C* 
max  .01JJB,  maxACVe#  nax  .30%  0 


Hot  Boiled 
Heat  TWItaents 


At  sol*  treated  1690 ’P,  12  min. 
W,  aged  900 *F,  k  hrs.  air  cooled 


Figure 16.101  (For  Tabulated  Data  See  Page  <239.0 


T«WTTX  ta'MMfVBI 

Low-Madiua  l^r  Alley  Steel  ‘*‘62  *»i  8y  *  U2  kel 
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TBjjBIIjC  gTRSWOTH 


Killed;  tjm>  C-rbcs,  Lev  Alio/  Sled 


Sy  -  &3  Sy  ■  37  4*1 


OJ 


£ 


Ceqpoiltlote!  HeeV  Treatment: 

(.iS-.eUW  C,  »&9$  (max.)  P,  VS^  { max . f  Si  Strew  Believed 

figure:  6.104  (for  Tabulated  Data  See  Page  245  ) 


Oo«po1»ifmi  i  .  _  ■••Vt*A»tartnt! 

( ^8-.55H  C,  ( .y.&)+  Mb,  ( .1-.5H  «1,  ( .^.$5 )i  No  Non* 

flgurt:  6.103  (*o*  TkboLatcd  Sat*  Bee  Pnge  243  ) 


10*  Cerboh,  High  Alloy  Steel 


Sy  «  65  ksi  Sy  .  21  ksi 


e 


VeifefaU  Slope 


:0BTO$i«*toL  ;  _  *?•»*»*<*« 

.$  oryf  dt'/.lfto  "  ,  Boa*  Specified 

FlguM:  (.107  (For  Tabulated  Data  See  Page  24(  >) 


TENSILE  STRENGTH 


Low  Carbon,  High  Alloy  Steel 


110  k»i 


75  ksi 


Effect  of  Temperature 
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SECTION  7  STATISTICAL  DISTRIBUTION  OF  STRESS 


7.1  STRESS  SPECTRUM  VS  STRESS  DISTRIBUTION 

The  problem  of  stress  distribution.  In  the  Interference  Theory, 
appears  to  be  much  more  Involved  then  the  problem  of  strength  diatrl* 
button.  Consider,  for  example,  the  problem  of  a  connacting  rod  In  e 
reciprocating  engine.  Because  of  the  variation  in  hardness,  surface 
finish,  etc,  the  fatigue  strength  will  vary  from  one  rod  to  another. 

This  will  result  in  a  distribution  curve,  in  which  the  strength  will  be 
plotted  on  tha  abscissa  and  the  number  of  rods  having  a  given  strength 
(i.e.  frequency  of  occurrence)  on  the  ordinate. 

Consider  now  the  stress  distribution  In  tha  connecting  rod*. 

The  stresses  in  the  rod  result  from  the  combined  effect  of  gas  pressure 
loading  and  inertia  loading.  If  the  attention  is  now  focused  on  a 
single  rod,  then  the  variation  in  the  two  types  of  loading  will  produce 
a  distribution  of  stresses  in  this  particular  rod.  The  resultant  curve 
will  be  a  plot  of  the  stresses  in  the  rod  on  the  abscissa  and  the  number 
of  times  that  this  stress  occurs  in  this  particular  rod  on  the  ordinate 
(Figure  T.l  (a)). 

This,  however,  is  not  what  is  wanted  in  the  application  of  tha 
Interference  Theory,  because  this  distribution  of  stresses  cannot  be 
matched  with  the  distribution  of  strength.  In  the  strength  distribution 
the  ordinate  gives  the  number  of  rode  having  a  given  strength.  Therefore  in 
tha  atreaa  distribution  tha  ordinate  auat  read  number  of  roda  having  a  given 
stress  (and  not  tha  number  of  times  a  given  stress  occurs  in  a  single  rod) . 
This  can  ba  obtained  by  considering  tha  fact  that  different  anginas  will 
be  subjected  in  service  to  different  operating  conditions  and,  therefore, 
the  distribution  of  gss  prsssure  losding  snd  inertia  loading  will  vary 
from  engine  to  engine.  As  pointed  out  in  Section  7.2  a  spectrum  of 
stresses  must  ba  convsrtsd  to  an  equivalent  strsss  for  ths  purpose  of 
Interference  Theory.  Therefore,  if  a  spectrum  of  loading  due  to  different 
service  conditions  varies  from  engine  to  engine,  in  a  population  of 
connecting  rods  tha  equivalent  strasa  will  vary  from  rod  to  rod.  Thus 
tha  statistical  stress  distribution  desired  for  ths  Interference  Theory 
may  ba  obtained  (Figure  7.1  (b)).  In  this  distribution  tha  equivalent 
stress  will  ba  plotted  on  the  abscissa  and  the  number  of  rods  (frequency 
of  occurrence)  having  that  strsss  on  ths  ordinate.  This  distribution 
then  can  ba  compared  with  ths  strength  distribution  to  obtain  the  proba¬ 
bility  of  interfsrence. 


7.2  CONVERSION  0?  STRESS  SPECTRUM  TO  AN  EQUIVALENT  STRESS  (Sgqu) 

By  definition,  equivalent  stress  la  a  completely  reversed  etrese 
of  constant  amplitude  which,  when  imposed  on  s  part,  should  causa  failure 


Huber  of  Times  that  the 

Huber  of  Sods  Having  Sod  is  Subjected  to  a 

Given  Stress  Given  Stress 


'  /  v  ' 

at  the  aame  life  ••  If  the  atres/  spectrum  was  Imposed  Instead.  Thus, 
the  damage  accumulated  at  any  givan  Ufa,  due  to  this  equivalent  stress; 
will  be  the  same  as  If  due  to  the  spectrum  of  stresses. 

The  first  step  towards  converting  the  spectrum  to  a  single 
stress  (SB0U)  Is  to  convert  the  operating  stresses,  which  may  have  some 
mean  atressassociated  with  them,  to  aero  mean  stress,  that  Is,  the 
completely  reversed  stress.  (Figure  7.2).  This  can  be  done  by  means  of 
the  modified  Goodman  diagram,  Draw  the  Goodman  diagram  as  shown  In 
Figure  7.3.  From  the  spectrum  of  operating  stresses  plot  each  stress 
cycle  on  this  diagram  as  shown,  for  example,  line  AB.  Connect  CA 
and  CB  and  extend.,  to  th>  vertical  line  where  mean  streas  la  equal  to 
aero.  Hence,  XY  Is  the  aero  mean  atreaa  equivalent  to  AB,  After 
reducing  all  auch  stress  cycles  to  aero  mean  stress  the  stress  apectrum 
will  have  all  the  stress  cycles  completely  reversed.  The  magnitude  XY 
will  be  different  for  different  streas  cycles.  Therefore,  the  original 
operating  streaa  spectrum  (Figure  7.2  (a)),  with  various  mean  stress 
levela,  Is  thus  reduced  to  a  stress  apectrum  with  aero  mean  atrass  level, 
that  Is,  a  completely  reversed  stress  (Figure  7.4). 

This  spectrum  can  then  be  reduced  to  a  single  equivalent  stress 
of  constant  amplitude;  by  means  of  Miner's  or  Corten^Dolan ' a  Rules. 


7.2.1  Miner's  Rule 

Miner's  rule7  assumes  that  the  total  life  of  a  component  can 
be  estimated  by  simply  adding  the  fraction  of  life  consumed  by  each  over- 
stress  cycle.  Overstreas  can  be  defined  as  the  stress  above  the  endurance 
limit  of  the  material  which,  If  applied,  will  damage  the  part. 

Thla  rule  la  expressed  as: 


n,  n*  n, 

Jl  +  -1  +  + 

Hi  N2  M3 


1 


or 


1 


(7.1) 


where  n^,  nj,  n^  .  .  .  represent  the  number  of  cyclaa  at  specific 
overstress  levela,  and  Ni,  cycles  to  failure 
at  theae  levels,  as  read  from  the  S-N  curve. 


The  equivalent  life  of  a  part  (Ne-U)  under  a  spectrum  of  stresses 
may  be  found  by  rearranging  the  above  equation: 


* 


* 
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Stress 


Figure  7.2  Conversion  of  Street  Spectrum  to  Bqulvelent  Stree* 


Figure  7.3  Modified  Goodman  Diagram 


1«2 


Figure  7.4  Completely  Reversed  Stress  Reduced  from  the  Stress 
Through  Modified  Goodman  Diagram 
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Suppose,  for  example,  there  are  three  stress  levels,  90, 

70,  and  50  ksl,  in  a  given  spectrum.  With  the  reference  to  the  curve 
in  Figure  7.5  1/(6  x  10^)  life  is  consumed  by  each  90  ksi  stress  cycle, 

1/(5  x  103)  by  each  70  ksi  cycle,  1/(8  x  lO"*)  fcv  each  55  ksi  cycle,  etc. 
Using  equation  (7.2). 


N  „  _ 1  +  1  +  1  _ _ _  -  1.5  x  105  cycles 

equ  1  1  +  1 

6  x  loV.  5  x  10 5  8  x  10^ 

Thus,  the  life  of  the  part  under  the  above  spectrum  of  stresses 
will  be  equivalent  to  a  life  of  1.5  x  103  cycles.  The  stress  equivalent 
to  this  life  is  (from  Figure  7.5)  75  ksi.  Hence,  the  damage  that  the 
part  accumulates  due  to  the  above  spectrum  of  varying  stress  amplitude 
will  be  the  same  as  if  stress  cycles  of  constant  amplitude  equal  to  Sequ 
(in  this  case,  75  ksi)  were  imposed  for  N  (1.5  x  105  cycles).  Thus? 
the  spectrum  of  stresses  can  be  replaced  by  a  single  stress. 

Miner's  rule,  as  stated  in  equation  (7,1),  gives  one  (1.0) 
as  the  criterion  for  failure.  Miner's  original  tests  showed  that  the 
value  for  the  summation  in  Equation  7.1  actually  varied  between  0.61 
and  1.45-  His  more  recent  data®  gives  a  range  of  0.7  to  2.2.  Other 
sources'  ’  quote  a  range  as  high  as  0.18  to  23.0.  In  view  of  all 
this  scatter  it  is  generally  agreed  that  the  value  of  one  (1.0),  originally 
proposed  by  Miner,  is  probably  the  best  overall  estimate  that  can  be  made 
at  thin  time. 


7.2.2  Corten-Dolan'a  Rule 


The  application  of  this  rule  in  converting  the  stress  spectrum 
to’ a  (single  equivelent  stress  (Se„u)  is  identical  to  that  of  Miner's 
rule,  except  that  the  S-N  curve  used  to  obtain  the  life  values  Mj,  N2...NK 
is  modified.  This  modification  is  done,  as  shown  in  Figure  7.6,  by  changing 
the  slope  of  the  S-N  curve,  A  line  is  drawn  with  an  inverse  slope  d  and 
passing  through  the  point  Ni  on  the  S-N  curve,  of  maximum  stress  amplitude 
(in  this  case.  Si)  occurring  in  the  stress  spectrum.  This  new  line  is 
known  as  the  Corten-Dolau  line. 


rroa  ovallabla  data  it  appaara  that  for  atructural  ataai 
apec inane,  having  no  atraaa  coneantration  (Kf  ■  1).  tha  value  of  d/d*  «  0.8 
la  a  raaaonabla  animate.  A  raeant  atudy  by  Harria  and  Lipaon12  indicat •• 

that  whan  atraaa  eoncantrationa  are  praaant  tha  following  relationehip 
can  ba  uaad 


d/d'  -  <0.73  +  0.07Kf) 


(7.3) 


Thia  can  ba  graphically  expraeaad  as  in  Figure  7.7.  It  will  ba  notad 
that  if  Kf  ■  3.3, d/d 1  *  1  and  thia  bac^aea  equivalent  to  tha  critarion 
obtained  from  Minor* a  Rule. 
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Stress,  ksi  (log  scale) 


SECTION  8  INTERFERENCE  OF  STRESS  DISTRIBUTION  WITH 
STRENGTH  DISTRIBUTION 


After  the  strength  distribution  and  the  stress  distribution  are  date  r- 
nlned  (Sections  6  snd  7  respectively)  the  two  are  coopered  and  the  percent  inter¬ 
ference  Is  determined,  as  discussed  in  Section  2,  Section  5,  end  in  detail, 
in  Section  9.  For  s  given  strength  distribution  the  percent  interference 
will  depend  on  the  distribution  cf  the  equivalent  stress  S«qU.  A  search 
through  literature  end  other  sources  produced  considerable  amount  of  date 
leading  to  strength  distribution  but  very  little  information  on  stress 
distribution. 


In  soon  engineering  applications  there  is  very  little  scatter 
in  stresses.  This  leads  to  a  stress  distribution  with  standard  deviation 
equal  to  sero.  This  distribution  can  be  represented  by  a  straight  liney 
as  in  Figure  8.1,  and  the  interference  can  be  determined  as  shown. 


For  s  given  8mUi  interference  may  increase  or  decrease,  if 
the  life  to  which  the  components  are  designed  is  changed.  This  is  shown 
in  Figure  8.2,  and  in  terms  of  S-N  diagram  in  Figure  8.3.  The  shape  of  the 
distribution  curve  in  Figure  8.2  la  different  from  those  in  Figure  8.3 
because  the  former  are  plotted  on  a  linear  scale  while  the  latter  on  a 
log-log  scale. 


In  those  .engineering  applications  where  the  scatter  in  stresses 
is  appreclsble  the  above  approach  will  obviously  not  apply.  On  the  basis 
of  pas.t  experience,  in  the  present  investigation  the  stress  distribution 
(S.|u)  «es  assumed  to  be  normal  end  the  range  of  standard  deviations  to  bs 
notHl#sa  than  .01  p  end  not  more  then  . 10  P  where  P  is  aqual  to  8  . 

The  resulting  interfersnes  is  represented  qualitatively  in  Figure  8.4. 


Section  9. 


Examples  of  a  design  problem  employing  this  method  are  given  in 
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Figure  8.3  S-N  Diagram  Representing  the  Dependence  •  , 

of  Interference  on  Life 
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SECTION  9  APPLICATION  OP  INTERFERENCE  THEORY  TO  DESIGN  PROBLEMS 


Once  the'  parameters  of  the  strength  distribution  (X^,  b,  9) 
and  stress  distribution  (y  ■  SeqU  and  o  ■  kp  ,  where  k  represents  a 
fraction  of  the  average  stress)  are  determined,  as  shown  in  Sections  6 
and  7  respectively,  the  percent  interference  can  be  computed*  with  the 
aid  of  Tables  on  pages  258-396.  Specific  steps  to  be  taken  are  illus¬ 
trated  by  the  following  example. 

A  certain  machine  part  was  designed  to  withstand  in  service 
10,000  overload  cycles.  The  problem  was  to  predict  its  reliability 
under  the  following  conditions: 

Material:  T..-6A1-4V,  s  -  177  kai,  S  -  166  ksi 
1  u  y 

4 

Design  Life:  10  cycles 

Type  of  Loading:  Bending,  completely  reversed 

Size:  0.25  in. 

Surface  Finish:  Hot  rolled 

Theoretical  Stress  Concentration  Factor:  k^  •  1.0 

Operating  Temperature:  600°F 


9.1  Welbull  Parameters 

The  first  step  was  to  determine  the  strength  distribution  in  terms 
of  the  Welbull  parameters.  From  the  graph  on  page  129  or  Table  on  page  237. 
Welbull  parameters  corresponding  to  the  above  conditlona  were  found  to 
be: 


X  -  50  ksi 

'  o 

b  ■  2.65 

9  ■  77.1  ksi.  f 

9 • 2  The  Equivalent  Stress 

As  to  the  stress  distribution,  the  pert  was  instrumented  and  Che 
etrese  spectrum  was  recorded  as  shown  in  columns  1  and  2  of  Table  9.1. 
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Spectrum  of  Stress 


Miner's  Rule  Data 


Completely* 
reversed 
stress  5,  ksi 

1 

Occurrences  n, 
cycles 

2 

Number  of  cycles 
to  failure,  N 

3 

n 

N 

_  _ . 4  .  _  _ 

52.0 

200 

3.5  x  105 

5.710  x  10"4 

54.1  . 

80 

2.4  x  105 

3.333  x  10"4 

56.5 

50 

1.6  x  105 

3.125  x  10"4 

58.0 

60 

1.2  x  105 

5.000  x  10"4 

59.3 

20 

1.0  j:  105 

2.000  x  10-4 

62.0 

10 

6.6  x  104 

1.315  x  10”4 

64x.8 

5 

4.3  x  104 

1.162  x  10”4 

l  nt  ■  425 

n.  . 

1  —  -  21.845  x  10”4 

l 

Table  9.1  Stress  and  Life  Data  for  Miner's  Rule 


^Actually,  stress  was  not  completely  reversed.  It  was  reduced  with  the 
aid  of  the  Goodman  diagram  to  a  completely  reversed  stress  using  the 
procedure  given  in  Section  6.1.1. 


In  order  to  determine  the  parameters  of  the  stress  distribution  (Sequ  *  u, 

and  a  )  Miner's  rule  wan  used.  From  the  3-N  curve  of  the  material 

(Figure  9.1),  the  number  of  cycles  to  failure,  N,  corresponding  to 

stresses  in  Column  1,  Table  9.1  were  determined.  This  is  shown  in 

Column  3,  Table  9.1.  Using  Miner's  rule,  as  expressed  in  equation  (7.2) 

and  tabulated  data  in  Table  9.1,  N  was  determined: 

equ 


N 


equ 


1  x 


equ 


-  1 


425 


21.845  x  10' 


-4 


1.945  x  10 J  cycles. 


From  the  S-N  curve  (Figure  9.1),  the  stress  corresponding  to 
Nfi  9  1*945  x  10^  cycles  was  found  to  be  Sequ  ■  55  kei.  Hence,  a 
completely  reversed  stress  application  of  55  ksi  can  be  substituted 
for  the  recorded  stress  spectrum  (Columns  1  and  2,  Table  9.1). 


9 . 3  Percent  Interference 


Once  the  strength  and  stress  distribution  parameters  are 
established,  percent  interference  can  be  determined. 


In  some  engineering  applications  the  scatter  in  the  operating 
stresses  is  very  small  and,  therefore,  the  standard  deviation  of  the 
stress  can  be  assumed  to  be  zero.  In  those  cases  the  percent  Interference 
can  be  determined  as  follows: 


Interference  **  F(x)  ■  1  - 
tne  curve  shown  in  Figure 
where  x  ■* 

X  - 

o 

b  ■ 

a  - 


shaded  area  under 


0.1 

S 

equ 
50  ksi 


55  ksi 


2.65 

77.1  ksi. 
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figure 


F(x) 


1 


-C 


55  -  50 

77.1  -  50^ 


2.65 


-  1  - 
-  .0113 


-.0114 


Percent  Interference  •  1.13% 

This  can  hlso  be  read  directly  from  the  Table  on  page  262. 


Find  X 


x  -  X 

f - Z) 

ft  -  X  > 


.0114 


Corresponding  to  X  -  .0114  read  interference  F(x) ,  •  .0113,  from 

the  above  table*  Therefore,  Percent  Interference  *•  1.13%. 

In  those  engineering  applications  where  the  scatter  of  stress 
is  appreciable  interference  may  be  found  as  follows .  As  pointed  out 
before,  in  actual  engineering  practice,  the  standard  deviation  lies  in  the 
range 


0.01  <  ~  <  0.10 

In  the  absence  of  any  specific  information,  an  average  value  of 

m  0.05  can  probably  be  assumed.  Using  this  value,  percent  inter¬ 
ference  is  determined: 

Strength  Stress 

X  -  50  ksi  V  -  S  -  55  ksi 

o  equ 

b  -  2.65  o  -  0.05y 

9  ■  77.1  ksi  -  0.05  x  55  ksi 

-  2.75  ksi 

From  the  above  data,  parameters  C,  A  and  B(x),  (for  definition  see  page 
27)  to  be  used  in  the  interference  table,  were  computed: 


\ 

J 
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c 

A 

B(x)  -  b  -  2.65 

The  interference  value  corresponding  to  these  parameters  was  found  by  inter¬ 
polation  between  Table  on  page  203  (for  B(x)  ■  2.0}  and  Table  on  page 
295  (for  B(x)  *  3.0).  By  interpolating  between  these  two  sets  of  data, 
the  Interference  was  found  to  be 

Interference  *  .0245 

or  Farcent  Interference  -  2.45%. 

Thus,  percent  interferences,  that  is,  probabilities  of  failure  to  be 
expected  are: 

In  the  event  of  no  scatter  in  stresses  -  1.13%  Failures. 

For  the  scatter  of  tt>e  order  of  0.C5U  (2.75  ksi)  -  2.45%  Failures. 

9.4  The  Effect  of  Design  Factors 

In  this  manner,  the  effect  of  various  design  factors  on  per¬ 
cent  interference,  can  be  determined.  Table  9.2  shows  the  effect  of 
temperature  on  Interference  for  design  conditions  stated  in  the  above 
example.  Table  9.3  gives  the  effect  of  life  on  interference  for  a 
different  set  of  conditions  stated  below: 

Material:  M10  Tool  Steal,  Su  ■  330  ksi' 

Design  Life:  105  cycles 

Type  of  loading;  Bending,  completely  reversed 
Surface  Finlah:  Mechanically  Polished 
Theoretical  Btress  Concentration  Factor:  k£  •  1.0 
Heat  Treatment:  2A  shown  on  the  Table  on  page  223. 
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Tabic  9.3  Effect  of  Life  on  Percent  Interference 


CONCLUSIONS 


1.  A  method  was  developed  for  employing  stre  *s-strength  Interference  Theory 
as  a  practical  engineering  tool  to  be  uaed  for  designing  and  quanti¬ 
tatively  predicting  the  reliability  of  mechanical  parts  and  components 
subjected  to  mechanical  loading. 

2.  This  method  is  based  on  the  considerable  empirical  data  gathered  (Appen¬ 
dix  1)  and  it  also  has  sound  theoretical  basis  (Appendix  3  and  Appendix  4). 
This  method  elimlnatas  the  concept  of  a  Factor  of  Safety  and  substitutes 
Percent  Interference  (Probability  of  Failure).  Tables  of  Interference 
values  are  given  in  Appendix  2  for  a  variety  of  stress  and  strength 
conditions. 

3.  Although  a  great  deal  of  data  were  gathered  and  analyzed  in  the  course 
of  the  present  study,  no  data  were  found  to  permit  the  establishment  of 
confidence  intervals  on  the  probability  of  interfarence . 

4.  This  method  can  be  uaed  for  three  casaa  most  commonly  encountered  in 
engineering  practice: 

Stress  Distribution  Strength  Distribution 

Normal  Normal 

Normal  Weibull 

Weibull  Weibull 

5.  The  effect  of  type  of  loading,  surface  finish,  surface  treatment, 
temperature,  stress  concentration,  heat  treatment  etc,  on  the  statistical 
distribution  was  also  studied.  These  effects  were  expressed  in  terms 

of  Weibull  parameters  XQ,  0,  end  b  (see  graphs  in  Section  6.4  of  the 
body  of  the  report  and  Tables  pages  194-257. 

6.  For  moat  of  the  materials  studied,  the  lower  bound  of  fatigue  strength 
(Xq)  and  the  characteriatic  strength  (6)  have  a  linearly  decreaaing 
relationship  with  life,  on  a  log-log  scale.  In  the  case  of  the  Weibull 
alope  (b)  it  decreasee  or  increases  linearly  with  life,  on  e  log-log 
scale,  depending  on  the  materiel  and  the  loading,  surface,  etc. 
condition*. 

7.  In  the  case  of  the  tensile  strength  data  were,  obtained  to  study  the 
effect  of  temperature.  None  of  the  Weibull  parameters  showed  any 
recognizable  relationship  between  tensile  strength  and  temperature,  on 
either  Cartesian  or  log-log  scale. 

6.  Although  the  relationship  between  the  fatigue  factors  (listed  under 

item  5  above)  and  the  statistical  distribution  of  strength  was  established 
on  an  individual  basis  (item  6  above),  no  data  were  found  which  could  be 
used  to  determine  their  combined  effect.  It  may  b*  safaly  assumed  that 
under  this  condition  the  fatigue  strength  will  follow  a  normal 
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distribution  (a  special  cam  of  Wei'oull),  At  In  the  present  study,  this 
distribution  wilt  probably  vary  with  the  design  life. 

9.  As  to  the  problem  of  stress  distribution,  the  data  found  in  literature 
and  other  sources  were  in  the  spectral  fom.  For  use  in  Che  Interference 
Theory  they  had  to  be  converted  into  a  distribution  of  equivalent 
stresses. 


RECOMMENDATIONS 


1.  Ir.  the  pr^aCuC  InveBligauion  cne  worn  involved  Che  determination  of 
Weibull  parameters,  mostly  for  ferrous  materials.  These  parameters 
are  essential  for  the  prediction  of  interference.  In  the  aircraft 
industry  the  materials  are  largely  non-ferrous.  It  would  be  desirable, 
therefore,  that  the  interference  for  these  materials  be  determined  too. 

2.  It  is  proposed  that  a  computer  method,  instead  of  the  currently  used 
(Section  6)  graphical  method,  be  used  for  the  determination  of  the  . 
Weibull  parameters.  This  method  has  the  advantage  of  time  saving, 
higher  accuracy,  and  it  may  allow  the  establishment  of  confidence  levels 
associated  with  interference. 

3.  An  analytical  expression  for  the  general  case  of  Interference,  as  a 
function  of  time  (life,  cycles),  should  be  developed.  At  the  present 
time,  Weibull  parameters  of  strength  (Xq,  b,  9)  have  to  be  specifically 
determined  for  each  particular  life  in  order  to  calculate  interference 
at  that  life.  By  establishing  a  general  expression,  once  the  inter¬ 
ference  at  one  life  is  known,  the  Interference  at  any  other  life  can 

be  quickly  calculated. 

4.  The  problem  of  stress  distribution  demands  further  work.  Mesne  of 
conversion  from  stress  spectrum  to  stress  distribution  should  be  refined 
end  a  more  exact  form  of  the  statistical,  distribution  of  the  equivalent 
stress  should  be  established. 

5.  At  present,  in  using  the  tables  of  interference  it  is  necessary  to 
sxtrapolate  and  lntsrpolate  interference  values  in  a  given  table  or 
between  the  tables.  Because  of  the  highly  non-linear  behavior  of  these 
values  (as  discussed  in  Appendix  4,  Section  4,1.6  end  Appendix  4,  Section 
4.1.9)  It  would  be  desirable  to  have  teblts  calculated  for  e  finer 

grade  of  values  of  the  parameters. 

6.  In  the  case  when  both  interfering  distributions  are  Weibull,  percent 

interference  will  depend  on  six  parsmsters  (Xql,  Xq,,  fij,  Og*  ^1>  • 

By  appropriate  grouping,  these  parameters  can  ba  reduced  to  four  and 
percent  interference  calculated.  In  ordor  to  Include  a  reasonable  range 
of  values  for  each  parsmstar  a  large  number  of  tables,  cumbersome  to 
handle,  would  be  necessary.  Hence ,  four  or  five  dimensional  nomographs 
should  be  prepared  which  would  give  percent  interference  as  a  function 
of  a  full  ranga  of  valuas  of  the  four  parameters. 

7.  In  order  to  verify  the  validity  of  the  Interference  Technique  developed 

hare  it  should  be  checked  against  an  actual  life  situation.  That  is, 
percent  Interference  should  be  computed  for  an  actual  enginaering 
problem.  These  results  then  ahould  be  compared  with  actual  eervice 
failures.  * 
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TNTIPY  TO  OTTRm.T.  PanAMWTOPR 

FOR 

FATIGUE  STRENGTH  OF  VARIOUS  MATERIALS 


Material 


Weibull  Parameters 
can  be  found: 
Page  No. 


CARBON  AND  ALLOY  STEELS 

1.  AISI  3140 

2.  AISI  1045 

3.  AMS  5727 

4.  AISI  2340 

5.  AISI  4l40 

6.  DgAC  Steel  (LacLish) 

7.  H-ll  Steel 

8A.  4340  Steel 

8b.  4340  Steel 

9.  Thermold  J 

10.  Fe  -  5.5j  Mo  -  2.5;  Cr  -  .5C 

11.  M  10  Tool  Steel 
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208 

209 

210 
212 

213 

214 
217 
220 
221 
222 
223 


STAINLESS  STEELS 

12.  321  Stainless  224 

13.  A  -  286  Stainless  226 

14.  3^7  Stainless  227 

15A.  Multiment  N-155  228 


15B. 

Multlment  N-15‘5 

229 

It,. 

PH  15  -  7  Mo  Stainless  Steel 

231 

17. 

J.7  -  7  PH  Stainless  Steel 

323 

MISCELIANEOUS  BASE  MATERIALS 


18. 

Timkin  16-25-6  (AMS  5727) 

233 

19. 

Stainless  403 

233 

20. 

Lapelloy  311 

234 

21. 

S-816  (AMS  5531*) 

234 

22. 

Inco  SHS  260 

234 

23. 

GMR  -  235 

234 

24. 

S  -  816  (AMS  5765) 

235 

25. 

Udimet  500 

i35 

26. 

Ti  -  140 

235 

27. 

Duralumin 

236 

28. 

T1-6A1-4V 

237 

29. 

Inconel  X 

240 
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REF  'RSKCE  DATA  FuR  WEIBULL  PARAMETERS 
(COMPOSITION,  HEAT  TREATMENT  AND  TENSILE  STRENGTH) 
CARBON  AND  ALLOY  STEELS. 


1.  AISI  3140  steel :  Su  -  108  -  109  Ksi. 

Composition:  .4#  C,  .8$  Mn,  .3#  Si,,  1.2#  Ni,  .65#  Cr, 

Heat  Treatment:  K  3  <=■  OQ  from  1520  *F,  Tempered  at  1300*1’, 

Su  -  108  Ksi. 

K  4  a  Air  blast  quenched  from  1520 °F,  Tempered 
at  1050 °F,  Su  a  109  Ksi. 

2.  AISI  1045  Steel:  Su  -  105  -  120  Ksi. 

Composition:  .43  -  .if  C,  .6  -  .9#  Mn,  .040#  P(max),  .05#  S(max) 

Heat  Treatment:  K  1  «  Water  quenched  from  1520aF,  Tempered  at 

J210°F,  Su  .  105  Ksi,  Sy  =■  8 2  Ksi. 

K  2  ■  Oil  quenched  from  1520 #F,  Tempered  at 

1050 *F,  Su  -  120  Ksi,  Sy  -  84  Ksi. 

3.  AMS  5727  Steel;  Su  -  120  Ksi 

Composition: 

Heat  Treatment:  Fleishmann  hot  cold-work,  equalize  at  1950®F, 

reduce  crossectlon  18#  from  1200 *F,  stress  relieve 
at  1200 *F  for  8  hours. 

4.  AISI  2340  Steel:  Su  -  116  -  122  Ksi. 

Composition: 

Heat  Treatment:  A  ■  Oil  quenched  from  l450°F,  Tempered  at  1200°F, 

Su  ■  ll6*Ksi. 

B  ■  Air  Blase  quenched  from  1450 ®F,  Tempered 
at  700 *F,  Su  a  119  Ksi. 

C  a  Air  Blast  quenched  from  l450°F,  no  temper; 
ku  -  122  Ksi. 

5.  AISI  4l4p  Steel :  Su  -  135  Ksi. 

Composition:  C  -  .37  -  .44#,  Mn  ■  .55  -  .90#,  Si  *  .20  -  -35#, 

Ni  -  1.55  -  2.00#,  Cr  -  .65  -  .95#/  Mo  =  .20-. 30#- 
Heat  Treatment:  Aus$  1550°F,  1  hour)  OQ,  Temperature  1230°F, 

1  hour. 


6. 


Su  a  270  Ksi. 


Composition:  .42  -  .48*  C,  ,6  -  .97.  Mn,  .0157.  ?,  .015*  S, 

.15  -  .13*  S,  .4  -  .7*  Ni,  .9  -  1.2*  Cr, 

.9  -  1.1*  Mo,  .05  -  .1*  V. 

Naat  Treatment:  Hold  at  1500°F  in  oxidising  atmosphere,  OQ  Tem¬ 

perature  500°F,  2  hours. 


•  * 
1 
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7. 


U-ll  Ctccl: 
Composition: 
Heat  Treatment: 


8A.  40  Steel: 

Composition: 

Heat  Treatment: 


Melt  Practice: 


Su  =  272  Ksi. 

%  Cr,  1.5#  Mo,  . 4#  V,  .35#  c. 

Vacuum  arc  melt,  pre  heat  1400#P,  30  min.,  Aust. 
at  1850 “F,  45  min.,  A.C,,  Temperature  2  plus  2 
hours  at  1050®F,  A.C.  +  pre  test  exposure, 


Su  o  206  -  280  Ksi. 
.37  -  .44#  C,  .55  -  .90#  Mn,  .20 
1.55  -  2.00#  Ni,  .65  -  .95#  Cr, 

A  =  normalize  at  1550 *F,  0Q, 
AC. 


-*35#  Si, 

.20  -  .30  Mo. 
Tamper  440  ®F, 


B  a  normalize  at  1550 ®F,  Quench,  Temper 

775  F,  AC. 

•8  a  Air  melt,  Vacuum  arc  remelt. 

9  ■  Vacuum  Induction  melt. 

10  -  Vacuum  Induction  melt.  Vacuum  arc  remelt. 


8B. 


4340  Steel:  -  varied  tensile  strength. 


Composition: 
Heat  Treatment: 


Su  b  144  -  290  Ksi. 
same  as  8A. 

A:  Norm,  1600*F,  1.5  hours,  AC;  Aust.  15258F, 

1.5  hours,  0Q,  Tamper  1150°F,  4  hours 
AC. 


B:  Norm,  1600®F,  2  hours,  AC,  Aust.  1500°F, 

2  hours,  0Q,  Tamper  1150®F,  4  hours,  AC. 

C:  Norm,  1600®F,  1  hour. 

Dj  AuBt.,  1550*F,  Salt  Bath  20  min.,  0Q  to  1P0°F 
to  150 °F,  Temper  400°F,  4  hours,  Melt- 
practiee  -  elect.  Furnace 

E:  Aust,  1550 ®F,  Salt  Bath  20  min.,  OQ  to  120°F 

to  150°F,  Temper  400*F,  4  hours,  Melt- 
practice  -  Vacuum  furnace. 


9*  Thermold  J 
Compos  it ion : 

Heat  Treatment: 


Su  b  294  Ksi. 

.37  -  .44#  c,  .55  -  .90#  Mn,  .20  -  .35#  Si, 
i*J5  *  2:°?^  Ni. a.65  -  .95#  Cr,  .20  -  .30#  Mo. 
bol  Treated  1825  F,  A.C.,  Tempered  1025#F,  2  hours 
A.C,  , Retempered  1025 ®F,  2  hours  A.C.  . 


1°.  Fe  -  5.5  Mo  -  2.5  Cr 


Composition: 
Heat  Treatment; 


-  314  Ksi, 
designated  in  name 
Preheat  1400 •?,  1/2  hours, 
A.C,  Temper  1050  ®F,  2 


2  hours  after  finish  machining. 


harden  1950 °F,  20  min. 
hours,  Retemper 
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11. 


M  10  Tool  Steel : 


_ Su  a  330  Ksi. 

Composition:  4#  cr,  <;#  v,  .65#  0. 

Heat  Treatment :  A  ■  Preheat  1450 °F,  l/2  hour,  harden  2150*F, 

5  min.,  0Q  until  black,  A.C.  Temper  1100°F 
2  hours,  A.C, ,  Ratampar  1100'F,  2  hours, 
A.C,,  after  finishing  operation,  nitrlded 
975 *F,  48  hours. 

B  a  Game  as  A. but  instead  of  nitriding } stress 
relieve  at  1000*F  in  protective  atmosphere, 
Furnace  cool. 


STAINLESS  STEELS 


12.  321  Stainless  Steel:  Su  -  87  Ksi. 

Composition:  IS#  Cr,  10#  Hi,  2#  Mn,  1#  Si,  .08#  C. 

Heat  Treatment :  Annealed 

13,  a-286  Stainless  Steel:  Su  »  90  Ksi. 

Composition :  15#  Cr,  26#  Ni,  1.25#  Mo,  2#  Ti,  .25#  A 

Heat  Treatment:  Hot  rolled,  solution  treated. 


14.  34?  Stainless  Steel;  Su  ■  92  Ksi. 

Compos it ion •  10#  Cr,  11#  Ni,  2#  Mn,  1#  Si,  .08  C. 

Heat  Treatment:  Annealed. 

15A.  Multiment  N  *  155 :  Su  -  119  Ksi. 

Composition:  21#  Cr,  20#  Ni,  20#  Co,  5#  Si,  3#  Mo,  3#  *f, 

1.5#  Mn,  1#  Cb,  .15#  C. 

Heat  Treatment:  Sol,  Treated  2200 #F,  1  hour,  W.Q. ,  Aged  l440"F, 
16  hours,  A.C.  . 


15B.  Multiment  N  -  155 :  Su  *  114  -  126  Ksi. 

Composition:  Same  as  15A. 

Heat  Treatment :  Sana  as  15A  , 

except 

Soma  specimens  were  stress  relieved  after  the 
Heat  Treatment 


16.  fh  15  -  7  Mo  Stainless :  Su  -  201  Ksi 

Composition:  15#  Cr,  7  #  Ni,  2.25#  Mo,  1.15#  Al. 

Heat  Treatment:  Condition  at  1750 *F,  10  hours,  A.C.  refrigerate 
at  -100 *F  for  8  hours,  age  950  *F,  for  1  hour, 
A.C,  TH  105. 


c 


1? •  if  -  7  PH  Stuinless  Steel; 

Su  a  205  Kei. 

Composition:  17*  Cr,  7  #  Ni,  1.15#  Al,  .7#  Mn,  .4#  Si,  .07#  C. 

Heat  Treatment:  Condition  at  1750°F  for  i&  hours,  A.C.,  Refrig¬ 
erate  at  -100°F  for  8  hours,  Age  950°F  for  1  hour 
A.C. 


MISCELLANEOUS  BASE  MATERIALS. 


18. 

Timken  1C -2 5 -6: 
Composition : 

Su  =.  120  Ksi. 

Not  Available. 

19. 

Stainless  403: 

Composition: 

Su  ■*  l4l  Ksi  (Axial  test),  129  Ksi 
(Rotary  test) 

.15#  C(max),  1.0#  Mn(max),  .5#  Si(max),  11.5# 

-  13.0#  Cr. 

20. 

Lapelloy  511: 
Composition: 

Su  -  156  Ksi  (Axial),  129  Ksi  (Rotary) 
Not  Available. 

21. 

S  -  816  (AMS  5554) :  Su  -  147  Ksi. 

Composition:  Not  Available. 

22. 

Inco  SHS  260 : 
Composition: 

Su  -  260  Ksi  (Axial),  129  -  132  (Rotary) 
Not  Available. 

25. 

OMR  -  255: 
Composition: 

Su  -  Not  Available 

65#  Ni,  15#  Cr,  10#  Fe,  5#  Mo,  3#  AI,  2#  Ti. 

24. 

S-816  (AMS  5765): 
Composition : 

Su  »  147  Ksi. 

42#  Co,  20#  Cr,  *20#  Ni,  4#  Mo,  4#  W,  4#  Cb,  4#  Pe. 

25. 

Udimet  500: 
Composition: 

Su  ■  Not  Available 

Ni  base,  .1#  C,  19#  Cr,  19#  Co,  4#  Mo,  3#  Ti, 

2.9#  Al,  4#  Fe. 

26. 

Ti  -  140  (AMS  4925):  8u  -  150  -  150  Ksi. 

Composition:  5.5  -  6.75#  Al,  5.5  -  4.5#  V,  .07#  Ni,  .1#  H(max), 

.4#  Fe(max). 

1 

27. 

Duralumin : 
Composition: 

Heat  Treatment : 

Su  ■  unknown  / 

Al,  Cu,  Mn,  Mg 
unknown 

28.  T1  -  6A1  -  kV;  Su  ■  177  KBi.  .  . 

Composition:  Ti  tc.se,  6*  Ai,  4^  V,  . 07 *  Hi(max),  .1*  C(max), 

.015*  H(raax),  .4*  Fe(max),  .3*  0(max). 

Heat  Treatment;  A  «  Sol  treated  l690*F,  12  min,  W. Q. ,  Aged 

900*F,  4  hours,  A.C,  . 

B  ■  Sol  Treated  1675 #F,  20  min,  W. Q.,  Aged 
900®F,  4  hours,  A.C.  . 

29.  Inconel  X:  Su  ■  225  Ksi. 

Composition:  73*  Hi,  15*  Cr,  7*  Fe,  2.5*  Ti,  1*  Cb,  .7*  Mn, 

.04*  C. 

Heat  Treatment:  Aged  1350 *F,  l6  hours,  A.C.  . 
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REFERENCE  DATA  FOR  WEIBULL  PARAMETERS 


(SPECIMEN  CONDITIONS) 


CARBON  AND  ALLOT  STEELS. 


1.  AISI  3140  Steels 

Tested  at  Room  Temperature. 


2. 

3. 


AISI  1045  Steels 

Hot  rolled,  lathed;  tested  at  Room  Temperature. 

AMS  5727  Steels 
Ground  and  lapped,  10  RMS. 


4.  AISI  2340  Steels 

Hot  rolled,  lathe  turned,  hand  polished,  tested  at  Room  Temperature. 

5.  AISI  4140  Steel: 

Hot  rolled,  longitudinal  machining  (mechanical),  tested  at  Room 
Temperature, 

6.  DgAG  Steel  (Ladiah): 

Vacuum  furnace  melt,  hot  rolled,  machine  polished  vith  600  grit 
belt. 


7.  H-ll  Steels 

Hot  rolled,  lathed,  grain  direction  is  transverse  to  lengthwise 
axis. 

8A.  AISI  4340  Steels 

Lathe  turned,  mechanical  polish, 

8B.  AISI  4340  Steels 

for  specimens  with  8u  -  144,  158,  171  Ksl,  preparation  -  hot  rolled 
and  lathed, For  specimens  with  Bu  »  275,  290  Ksl,  preparation 
m  forged  and  ground.  All  tested  at  Room  Temperature. 


9.  Thermo Id  J s 

Teat ad  at  Room  Temperature. 

10.  Pa  -  5,5  Mo  -  2.5  Cr.  -  ,5C 
Forged  and  Swaged  -  5  RMS 


11.  M  10  Tool  Steel: 

Forged  and  Swaged,  lathe  turned,  5  RMS,  tested  at  Room  Temperature. 
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STAINLESS  STEELS 


12.  321  Stainless  Steel:, 

Hot  rolled,  me chemical  polish. 

Some  specimens  T.I.G.  (Tungston  Inert  Gas)  welded. 

13.  A-286  Stainless  Steel; 

Hot  rolled,  mechanical  polish. 

Some  specimens  T.I.G.  welded. 

14.  347  Stainless  Steel: 

Hot  rolled. 

ISA.  Multiment  N-155 : 

Hot  rolled.,  lathed,  mecha  ic&l  polish.  Tested  at  Room  Tempera¬ 
ture. 

15B.  Multiment  N-155: 

Hot  rolled,  lathed,  mechanical  polish .  Tested  at  Room  Tempera¬ 
ture.  , 

Surface  preparation  code: 

A.  Stress  relieved  after  surface  finishing. 

B.  .  Surface  finished,  stress  relieved,  refinished.  ( 

0.  Heat  treated  after  surface  finishing. 

16.  Ph  15-7Mo,  Stalnles  Steel: 

Hot  roiled,  milled  edges. 

17.  17-7  PH.  Stainless  Steel: 

Hot  rolled,  hand  polished,  ground  edges. 


MISCELLANEOUS  BASE  MATERIALS. 


18.  Timkln  16-23-6: 

Completely  reversed  test,  unnotched  specimen, 

19.  Stainless  403 : 

Completely  reversed  test,  unnotched  specimen. 

20.  Lapelloy  311 : 

Completely  reversed  test,  unnotched  specimen. 

21.  8-616  (AMS  5534) ; 

Completely  reversed  test,  unnotohed  speolasn. 
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22.  Inco  SRS  2QU:. 

Completely  reversed  test,  unnotched  specimen. 

23.  OMR  -  235: 

Completely  reversed  teat*  unnotched  specimen. 

2h,  8-816  (AMS  5763); 

Completely  reversed  tent,unnotchod  specimen. 


Completely  reversed  teat,  unnotched  specimen. 


Ti  -  lhO  (AMS  ^93) : 

Completely  reversed  test,  unnotched  specimen. 


207 


su  -  105,  120  ksl 

H.T.  Su  Spec  Xq 

Life,  Cycles  10^ 

Kx  105  V-N  56.0 

Kg  120  V-N  54. 0 


AISI  1045  STEEL 
ROTARY  BENDING 

ksl  b 

105  106  10^  105 

Effect  of  Heat  Treatment 

59.0  27.0  1.67  2.25 

36.0  24.2  2.72  3.1 


Composition  „ 

Heat  Treatment''  , 
Specimen  Condition^ 
Meaning  of  Symbols 

6  ksl 

106  10k  10^  106 


2.-75  67.3.^7.3  35  A 
3.25  65.3  44.25  29.9 


Effect  of  Stress  Concentration 


KjL  105  No-N 
Kx  105  V-N 


79.0  67.O  56.7 
?6.o  39-0  27.0 


2.6  2.75  2.85 

I.67  2.25  2.75 


86.2  73.0  61.65 

67.3  47-3  33 A 


1  For  Composition  -  see  page  198,  item  2 

2  Heat  Treatment 

A:  Kp  WQ  for  ,1520#F  Tempered  at  1210 *F,  Su  »  105  ksl  and  Sy  m  B2  ksl 
Bs  Kq  Oil  Quenched  from  1520*F  Tempered  at  1050*F,  Su«120  kat,8y*84  ksl 

3  For  Specimen  Condition  -  see  pagj  203 

4  For  Meaning  of  Symbols  •  see  page  46 
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AMS  5727  STEEL 


Su  -  120  ksi  AXIAL  LOAD 

Sv  -  30  ksi 

y  f  Completely  Reversed 


Composition  j 
Heat  Treatment 
Specimen  Condition 
Meaning  of  Symbols' 


T,*F 

*t  ' 

*0 

,  ksi 

b 

6,  ksi 

Life, 

cycles 

101 2 3 4 

105 

106 

104 

105 

io6 

io4 

io5 

10 

Effect 

of  Temperature 

80 

1.0 

68 

61 

55 

2.5 

2.75 

2.8 

74 

67 

61 

1200 

1.0 

51 

47 

44 

2.85 

2.85 

3.0 

58 

54 

50 

80 

2.4 

59 

42 

30 

2.75 

2.95 

2.98 

66 

47 

34 

1200 

2.4 

29 

24 

20 

2.21 

2.3 

2*32 

36 

31 

26 

80 

3.4 

48 

31 

19 

2.15 

2.15 

2.33 

61 

38 

25 

1200 

3.4 

27 

20 

15 

2.62 

2.75 

3.02 

33 

25 

19 

Effect  of  Stress  Concentration 


80 

1.0. 

68 

61 

55 

2.5 

2.75 

2.8 

74 

67 

61 

80 

2.4 

59 

42 

30 

2.75 

2.95 

2.98 

66 

47 

34 

80 

3.4 

48 

31 

19 

2.15 

2.15 

2.33 

61 

38 

25 

1200 

1.0 

51 

47 

44 

2.85 

2.85 

3.0 

58 

54 

50 

1200 

2.4 

29 

24 

20 

2.21 

2.3 

2.32 

36 

31 

26 

1200 

3.4 

27 

20 

15 

2.62 

2.75 

3.02 

33 

25 

19 

1  For  Composition  -  see  pegs  198  It*nn  3t 

2  For  Heat  Treatment  -  see  page  198  Item  3 

3  For  Specimen  Conditions  -  see  page  2C3  Item  3 

4  For  Meaning  of  Symbols  -  see  page 
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116-122  ksi  ROTARY  HERDING  Composition-1- 

76-96  ksi  Heat  Treatment' 
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<  <  CO  CO  00 


Fx 
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.9 


jf533|1 


P  (  <  B  U  jj  jj 

o  w  .  o  o 

Fx  W  Fx  Fx 


H  OJ 


to,  Jt 


S  -  279  kfli 
u 

S  -  20/  l-si 

y 

T  Sm  Kt 
Life(  cycles  10^ 


AXIAL  LOAD 
Complex .1.  .aversed 


1 

Composition  ^ 

’•^ul  Truatment 
Specimen  Conditions 
Meaning  of  Symbols 


X0  b  » 

io5  io6  io1 2 3 4  105  io6  io4  io5  io6 


Effect  of  Temperature 


80 

000 

1.0 

100 

90 

60 

2.8 

2.9 

3.0 

191 

106 

60 

450 

000 

1.0 

us 

115 

90 

3.15 

3.3 

4.6 

162 

129 

102 

550 

000 

1.0 

125 

100 

78 

3.7 

3.8 

4.0 

161 

125 

98 

80 

000 

3.0 

52 

40 

30 

3.3 

3.4 

3.8 

82 

66 

53 

450 

000 

3.0 

73 

41 

34 

2.1 

2.54 

3.4 

81 

46 

40 

550 

000 

3.0 

63 

44 

35 

2.75 

3.0 

3.4 

70 

51 

40 

80 

30-50 

3.0 

55 

38 

26 

2.7 

3.1 

3.25 

66 

46 

32 

450 

30-50 

3.0 

39 

34 

29 

3.8 

4.1 

4.7 

48 

42 

37 

550 

30-50 

3.0 

43 

35 

29 

4.0 

4.5 

4.7 

51 

42 

34 

\ 

Effect  of  Stress  Concentration 


80 

000  1.0 

160 

90 

50 

2.8 

2.9 

3.0 

191 

106 

60 

80 

000  3.0 

52 

40 

30 

3.3 

3.4 

3.8 

82 

66 

53 

450 

000  1.0 

145 

115 

90 

3.15 

3.3 

4.6 

162 

129 

102 

430 

000  3.0 

73 

41 

34 

2.1 

2.45 

3.4 

81 

46 

40 

550 

000  1.0 

125 

100 

78 

3.7 

3.8 

41.0 

161 

125 

98 

550 

000  3.0 

63 

44 

35 

2.75 

3.0 

3.4 

70 

51 

40 

Miscellaneous  Results 

t 

80 

loo-ias  i.o 

98 

81 

65 

3.6 

4.0 

4.2 

119 

96 

78 

450 

85-131  1.0 

75 

60 

48 

3.8 

4.0 

4.2 

115 

91 

72 

550 

90-122  1.0 

110 

91 

82 

2.6 

3.25 

4.0 

122 

101 

90 

1  For  Composition  -  see  page  198,  Item  6 

2  For  Heat  Traatmant  -  saa  pa go  198,  Item  6 

3  For  Specimen  Conditions  •  saa  paga  203,  Item  6 

4  For  Meaning  of  Symbols  -  see  paga  4b 
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Effect  of  Melt  Practice 
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melt  practice  -  Electric  Furnace 

S:  Aust  1550‘T,  Salt  Bath  30  rnln,  Oft  to  120“F  to  150°F  Ten®  1*00'F,  h  hrs 
melt  practice  -  Vacuum  Furnace 
ir  Specimen  Condition  -  see  page  203,  item  8B 
ir  Meaning  of  Symbols  -  see  page  46 
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1 

2 


5 

4 


For  Composition  -  see  page  200,  Item  11 
Heat  Treatment 

A;  Preheat  1450°F  l/2  hr,  harden  2150*F  5  min,  0Q  until  black, AC,  Temp, 
1100 °F  2  hru,  A.C.  Retemp  1100*F  2  hrs,  AC, after  finishing  op. 
Nitrided  9T5*F  48  hrs. 

B:  Same  as  A  but  instead  oi  nitriding  stress  relieve  at  1000°F  in 
protective  atmosphere  F.C. 

For  Specimen  Condition  -  see  page  201,  Item  11 


For  Meaning  of  Symbols  -  s^e  page  46 
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Composition  , 

• 
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LOAD 

Boat  Troatattnt 
•  Spoclman  Conditions 
Maanlng  of  Symbols 

s 


*c  «.  *. tal 
Li£«,  cyclss  10  10  10  10 


b 


0  Ml 

343 
10  10  10 


If foot  of 

Straas 

Ccmeontratlon 
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1.0  25-33 
2.0  23-33 
4.0  23-33 

34 

32 

S3 

22 

26 

23 

13 

26 

3.9 
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for  Spselman  Condition*  •  mi  p*p*  204»  lt««  1* 
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MULTTKElff  N-155 


S u  -  119  ksi 
Sy  ■  60  ksi 


ROTARY,  PLATE 
AND  AXIAL  LOADING 
Completely  Reversed 


Composition1 
Heat  Treatment2 
Specimen  Condition? 
Meaning  of  Symbols^ 


T  of  L 

Tj,-F 

Xoksi 

b 

e  ksi 

Life,  Cycles 

104 

105 

106 

104 

105 

106 

104 

105 

106 

Effect  of  Teat  Temperature 

\ 

Axial 

1200 

48.0 

43.0 

42.5 

2.23 

2.4 

2.32 

54.7 

51.93 

49.0 

Axial 

1550 

43.0 

40.3 

38.0 

2.53 

2.73 

2.83 

49.85 

46.8 

43.95 

Axial 

1500 

27.0 

24,3 

22.0 

2.83 

2.91 

3.0 

41.6 

37.1 

33*1 

Rotary 

1200 

44.3 

43.0 

41.6 

2.77 

2.9 

3.0 

51.83 

49.85 

47.93 

Rotary 

1350 

41.0 

35.0 

38.3 

2.28 

2.28 

2.33 

33-3 

47.3 

44.1 

Rotary 

1560 

39.5 

38.0 

36.7 

2.77 

2.8 

2.9 

44.03 

42.33 

4l.l 

Rotary 

1500 

39.0 

33-7 

29.3 

C.27 

2.37 

2.45 

48.5 

m 

42.0 

36.13 

Effeot  of  Surface  Treatment 

■■ 

Axial  A 

1330 

43.0 

40.5 

38.0 

2.55 

2.73 

2.85 

49.85 

46.8 

43.93 

Axial  B 

1350 

33.0 

34.0 

33.0 

2.23 

2.27 

2.32 

43.2 

42.1 

4o.9 

Effect  of  Type  of  Loading 


Rotary 

1200 

44.5 

43.0 

41.6 

2.77 

2.9  ' 

3.0 

51.83 

49.85 

47.93 

Axial 

1200 

48.0 

45.0 

42.3 

2.25 

2.4 

2.52 

34.7 

51.93 

49.0 

Rotary 

1330 

41.0 

35.0 

32.3  • 

2.28 

2.26 

2.35 

33.3 

47.3 

44.1 

Axial 

1350 

43.0 

40.5 

38.0 

2.55 

2.73 

2.85 

49.85 

46.8 

43.93 

Rotary 

1300 

39.0 

33.7 

29.3 

2.27 

2.37 

2.45 

48.5 

42.0 

38.13 

Axial 

1300 

27.0 

24.3 

22.0 

2.83 

2.91 

3.0 

41.6 

37.1 

33.1 

1  For  Composition  -  see  page  200,  Item  13A  ■ 

2  Por  Heat  Treatment  -  see  page  200,  Item  13A 

5  Por  Specimen  Condition  -  see  page  204,  Item  15A 
4  For  Meaning  of  Symbols  -  see  page  46 
A  Lethed 
B  Milled 
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Ottt  00 
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s  -  201  kai  AXIAL  LOAD  Coafoaltion 1 2  . 

3U  ■  196  kal  Conplataly  Ravaraad  Hast  Tra«t«aot  _ 

y  Spaclaan  Cmdlclona 

Moaning  of  Symbol*^ 


T,°F 

Kt 

Xo  k,i 

b 

0  kal 

Ufa, 

cyclaa 

io4 

5 

10 

6 

10 

104 

io3  106 

10* 

105 

io' 

Kffaut 

of  Ttdparaturt 

80 

1.0 

143 

104 

73 

1.68 

1.73  1.78 

169 

119 

86 

500 

1.0 

120 

73 

2.8 

2.83 

129 

79 

80 

4.0 

42 

31 

23 

2.33 

2*4  2.43 

56 

41 

30 

500 

4.0 

36 

32 

29 

2.33 

2.38  2.7 

41 

37 

32 

Iffaet  of  Straaa  Ooneantration 

80 

1.0 

143 

104 

73 

1.68 

1.73  1.78 

169 

119 

86 

80 

4.0 

42 

31 

23 

2.33 

2.4  2.43 

36 

41 

30 

500 

1.0 

120 

73 

2.8 

2.83 

129 

79 

500 

4.0 

36 

32 

29 

2.53 

2.58  2.7 

41 

37 

32 

.  * 


'i 


1  For  Co*po*itlon  -  «•«  paga  200.  Ie«  16 

2  for  Haat  Traaeaant  -  aaa  p«*a  200 ,  Itao  16 

3  For  Spae&san  Conditions  •  aaa  page  204,  It**  16 

4  For  Moaning  of  Syobola  -  aaa  paga  46 
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17-TPH 


Sy  ■  205  ksi  AXIAL  LOAD  Composition1 

Sy  m  195  ksi  Completely  Reversed  Heat  Treatment2 

Specimen  Condition^ 
Meaning  of  Symbols1* 


Kt 

Spec 

Xq  ksi 

b 

e  ksi 

Life/ 

cycles 

101 2 3* 

105 

10« 

104 

105 

106 

LO4 

lO^ 

106 

1 

No-N 

90.0 

82.0 

63.0 

S.3 

6.0 

6,0 

153.6 

126.6 

88.6 

2.3 

H-N 

76.0 

36.0 

40.5 

3.5 

3.9 

4.2 

80.24 

38.82  43.15 

4.0 

H-N 

44.2 

31.0 

21.7 

4.8 

« 

4.4 

4.3 

47.4 

33-5 

23.4 

5.0 

H-N 

39.2 

28.3 

20.8 

3.8 

3-1* 

3.1 

41.59 

30.43 

21.74 

1  Por  Ccopocttlon  -  see  page  201,  Itsm  t, 

2  Por  Heat  Treatment  -  aee  page  201,  Itetu  17 

3  For  Speolmen  Condition  -  see  page  204,  Item  17 

4  Por  Meaning  of  Symbols  -  see  page  46 
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s 


Type  of 
Loading 

Temp. 

°F 

104 

10  5  106  io4  105 

106 

IQ4  105  106 

TIMKEN  16-25-6 

AXIAL  LOAD 

Composition1 

Completely  Reversed 

Heat  Treatment2 3 
Meaning  of  Symbols^ 

Effect  of  Temperature 

Axial 

Room 

63.0 

58.0  53.0  4.8  5.0 

5.2 

71.1  65.4  60.1 

Axial 

1200 

47.0 

43.O  40.0  4.4  5.0 

5-2 

56.9  53.3  50.0 

'  1  .  , 

STAINLESS  403 

AXIAL  AND  PLATE  LOADING 

Composition1 

Completely  Reversed 

Heat  Treatment2 
Meaning  of  Symbols* 

Effect  of  Temperature 

Axial 

Room 

75.0 

69.0 

65.O 

1.9 

2.5 

2.65 

78.4 

73.1 

60.0 

Axial 

500 

59.0 

54.0 

50.0 

3.0, 

4.3 

4.6 

65.6 

61.7 

58.2 

Axial 

700 

58.0 

33.0 

49.0 

4.7 

4.82 

5.1 

62.2 

59.4' 

53.0 

Axial 

900 

50.0 

45.5 

41.6 

3.2  . 

3.8 

4.1 

57.2 

46.6 

42.68 

Rotary 

Room 

95.0 

76.0 

60.0 

3.2 

3-5 

3.7 

106.0 

85.4 

69.9 

Rotary 

700 

80.0 

62.0 

49.0 

3.8 

5.1 

5.9 

86.5 

67.2 

52.6 

Rotary 

900 

71.0 

58.0 

•47.5 

3.45 

3*55 

4.8 

74.2 

60.5 

49.7 

Effect  of  Type  of  Loading 

Axial 

Room 

75.0 

69.0 

65.0 

1.9 

2.5 

2.65 

78.4 

73.1 

68.0 

Rotary 

Room 

95.0 

76.0 

60.0 

3.2 

3.5 

3.7 

106.0 

85.4 

69.9 

Axial 

700 

58.O 

53.0 

49.0 

4.7 

4.82 

5.1 

62.2 

59.4 

53.0 

Rotary 

700 

80.0 

62.0 

49.0 

3.8 

5.1 

5.9 

86.5 

67.2 

?2.6 

Axial 

i  900 

50.0 

45.5 

41.6 

3.2 

3.8 

4.1 

57.2 

46.6 

42.68 

Rotary 

900 

71.0 

58.0 

47.5 

3.45 

3.55 

4.8 

74.2 

60.5 

49.7 

1  For  Composition  -  see  page  201,  Items  10,  19 

2  Heat  Treatment  Unknown 

3  For  Meaning  of  Symbols  -  see  page  46 
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x0,  ksi 


6,  ksi 


Type  of 
Loading 

Temp . 

104 

10 5  106  104  105 

106 

104  105  106 

LAPELLOY  311 

axial  load 

Completely  Reversed 

Composition'1' 

Heat  Treatment 
Meaning  of  Symbols 

Axial 

1100 

35.0 

Miscellaneous  Results 

33.0  31.0  4.5  4.8 

5.0 

42.2  39.9  37-7 

S-816  (AMS  5534) 

ROTARY  BENDING 
Completely  Reversed 

Composition1  n 

Heat  Treatment4"  y 

Meaning  of  Symbols'1 

Rotary 
Rotai y 
Rotary 

Room 

1350 

1650 

100.0 

58.0 

15.0 

Effect  of  Temperature 

81.0  65.0  2.8  2.9 
50.0  44.0  3-5  ^*1 
13.0  12.0  3.3  3^ 

3.2 

4.6 

3.5 

122.5  99.5  82.1 
70.2  6l.8  51.4 
42.0  39.0  36.6 

INCO  SHS  260 

AXIAL  load 

Completely  Reversed 

Compos ition1  ^ 

Heat  Treatment 
Meaning  of  Symbols 

Axial 

Axial 

525  ' 
800 

:  110  ."0 
100.0 

Effect  of  Temperature 

80.0  60.0  3.8  4.1 
75.0  55.0  5-8  6.0 

4.3 

6.5 

190.0  136.0  102.0 

160.0  119.0  89.0 

GMR-235 

AXIAL  LOAD 
Completely  Reversed 


Composition 


.2 


Heat  Treatment 
Meaning  of  Symbols' 


Axial 

Axial 

Axial 


Room 

1200 

1650 


74.0  56-0 

43.0  39-0 

26.5  24.5 


42.0 

35.5 

23.O 


2 .4 

2.7 

2.8 

79.9 

60.81 

46.05 

3-9 

4.0 

4.1 

53.4 

48,43 

44.18 

2.43 

2.7 

2.8 

30.95 

29.2 

27.53 

1  For  Compos, ition  -  see  page 

2  Heat  Treatment  Unknown 

5  For  Meaning  of  Symbols  -  see  page 


201,  Items  20j  2Jj  22t  23 
AC- 
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I 


Xo,  ksi  to 

e,  ksi 

Type  of 
Loading 

Temp. 

°F 

104 

10 5  106  104  105  106 

104  105  106 

S-816  (AMS  5765) 

■1 

AXIAL,  PLATE,  AND  ROTARY  BENDING 
Completely  Reversed 

Compos  ition‘L 

Heat  Treatment1 2 
Meaning  of  Symbols^ 

Effect  of  Temperature 

Axial 

Axial 

Axial 

Room 

1500 

1650 

55.0 

39.0 

37.0 

54.0  52.0  3*7  4.1 

37.0  ^6.0  3.1  4.1  ‘*■•8 

32.0  28.0  4.6  5.2  5-6 

69.2  67.1  6f5.2 

42.8  41.2  39.6  ! 

44.0  38.6  33.9  | 

Plate 

Plate 

Room 

1200 

75.0 
7 6.6 

60.0  50.0  4.5  5.0  5*3 
72.4  68.8  2.05  2.48  2.95 

110.0  93.1  79.2  1 

78.88  75.04  71.22  J 

l 

Effeot  of  Type  of  Loading 

1 

i 

Plate 

Potary 

1200 

1200 

76.6 

62.0 

72.4  68.8  2.05  2.48  2.95 
57.0  54.0  2.42  3-0  3*4 

78.88  75-04  71.22 
79.2  76.8  75.3 

UDIMET  500 

AXIAL  LOAD 

Completely  Reversed 

Composition1 

Heat  Treatment2 
Meaning  of  Symbols3 

Effect  of  Temperature 

Axial 

Axial 

Room 

1200 

116.0 

84,0 

92.0  7 6.0  2.35  2-5  2.7 
78.0  71.0  3.1  3.13  3.25 

136.3  112.7  92.4 

96.4  87.65  80.45 

Ti-l40  (AMS  493) 

, 

ROTARY  BENDING 

Completely  Reversed 

Compos  itionJ' 

Heat  Treatment* 
Meaning  of  Symbols3 

Effect  of  Temperature 

Rotary 

Rotary 

Room 

600 

83.0 

85.O 

62.0  45.0  2,4  3.22  3.5 
61.5  45.0  2.35  2.6  2.85 

113.9  87.3  67.2 
92.1  67.8  50.28 

1  For  Composition  -  see  page  201,  Items  24,  25,  26 

2  Heat  Treatment  Unknown 

5  For  Meaning  of  Symbols  -  see  page  46 
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Effect  of  Heat  Treatment 
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REFERENCES  FOR  FATIGUE  BT1BNGTU  DATA 


Mfta  rials: 

1  through  7 

8A 

8B  through  17 
18  thtough  26 

27 

28  and  29 


\ 


4 


Mechanical  Fro part log  Data  Cantor  (MFDC)  Travorso 
City,  Michigan. 

Aaronautloal  Syatoas  Division  (ASD) ,  Tach.  nota  61-117 , 

Part  Ill,  Machanlcal  Proportion  Information  Procoasing 
Bystan.  "Fatigue  of  Metals,  Low  Alloy  Stssls"  Sac.  1, 

Fab.  1962,  Balfour  Bag.  Co.,  Suttona  Bay,  Michigan.  » 

i 

MPDC  (Boo  Abovo) 

ASD  Tach.  Noto  61-117  Fart  11,  "Vatlgus  of  Motalo  - 
Corrosion  and  Haat  Roslstant  Motalo,*'  Nov.  1961, 

Bolfour  Eng.  Co.,  Buttons  Bay,  Michigan. 

•  '  t 

L.  R.  Jackson,  U.  J.  Ovoovsr,  R.  C.  McMastor,  Advisory 
•sport  on  tha "Fatigue  Fropartlos  of  Aircraft  Matorlala  and 
Structuros."  081D,  Rap, 16600. 

MFDC  (8oa  Above) 
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INDEX  TO  WEIBULL  PARAMETERS 
TOR 

TENSILE  STRENGTH  07  VARIOUS  MATERIALS 


Page  Number 
whore 

Material  tfelbull  Paramo ter a 

for  a  given  Material 
can  be  located 


1. 

(.12  -  .  17)56  C  Steel. 

243 

2. 

(.06  -  .30)4  0  Steal. 

245 

3. 

(.18  -  .24)4  0  Steel. 

24$ 

4. 

(.08  -  .35)4  C  Steel. 

245 

5. 

54  Or,  .54  Mn,  .54  Ti,  *124  C  Steel. 

246 

L.  ' 

54  Or,  .54  Mo,  .24  C  Steel. 

246 

7« 

174  Cr,  .124  0  Stainless  Steel. 

246 

a. 

2.254  Or,  14  Mo,  .154  0  Steel. 

246 

9. 

1.254  Cr,  .54  Mo,  (.07  -  .15)4  0  Steel. 

246 

10. 

254  Cr,  124  Ni  Stainless  Steel. 

246 

11. 

184  Cr,  84  Ni  +  Ti  Stainless  Steel. 

247 

12. 

184  Cr,  84  Ni  +  Cb  Stainless  Steel. 

247 

13. 

184  Cr,  84  Ni  Stainless  Steel. 

247 

14. 

184  Cr,  124  Ni,  24  Mo  Stainless  Steel. 

247 

15. 

254  Cr,  204  Ni  Stainless  Steel. 

247 

16. 

SAE  43  4o  Steel. 

247 

17. 

SAE  4l40  Steel. 

248 

18. 

1.254  Cr,  .'54  Mo,  .254  V,  ,44  0  Steel. 

248 

19. 

20. 

14  Or,  .354  Mo,  .254  V,  .44  C  Steel. 

/ 

%AC  ^eel.  (Ladish). 

248 

248 

248 


affect  of  temperature  on  tensile  strength 
of  Various  Commercially  Available  Materials 


Material 

Heat 

Tamp. 

s 

su 

xo 

b 

e 

Treatment 

°F 

y 

kai 

kai 

kai 

kai 

Killed  Carbon  Steel 

normalized 

70 

41.0 

60.0 

52.0 

1.42 

61.8 

1. 

(.12-, 17)%  C 

at  1725°P 

1000 

17.0 

31.0 

23.0 

1.90 

35.4 

.55%  (max)  Mn 

Drawn  at 

.09%  (max)  P 

1200°F  for 

.06%.  (max)  S 

1  hr 

.287.  (max)  Si 

78 

“4176“' 

to.  6 

1.55" 

62.12 

Annealed 

900 

20.0 

41.0 

33.0 

1.70 

44.0 

I^ow  Carbon 

at  1550°F 

1000 

17.0 

31.0 

20.0 

2.05 

36.0 

Low  Alloy  Steel 

for  1  hr 

1100 

14.0 

23.0 

11.0 

2.40 

25.4 

1200' 

10.0 

16.0 

7.5 

2.49 

17.4 

2. 

(.08-. 30)7.  C 

70 

42.0 

62.0 

36.0 

2.90 

65.0 

1.07.  (max)  Mn 

300 

37.0 

66.0 

48.0 

1.70 

71.2 

.050%  (max)  P 

400 

35.0 

67.0 

52.0 

1.40 

72.5 

.060%  (max)  S 

500 

32.0 

66.0 

57.0 

1.07 

72.5 

.25%  (max)  Si 

600 

29.0 

63.0 

61.0 

1.12 

65.2 

Low  Carbon 

None 

700 

27.0 

55.0 

53.0 

1.23 

60.9 

Low  Alloy  Steel 

Specified 

800 

23.0 

45.0 

28.0 

1.65 

51.5 

900 

20.0 

35,0 

27.0 

2.30 

41.0 

1000 

17.0 

27.0 

14.0 

2.60 

32.0 

1100 

13.0 

20.0 

10.0 

2.80 

24.5 

1200 

10. 0 

14.0 

4.0 

3.00 

15.5 

1400 

4.0 

7.5 

2.0 

3.20 

7.6 

Killed  Carbon  Steel 

70 

37.0 

63.0 

59.0 

1.70 

64.8 

(.18-. 24)7.  C 

200 

35.0 

59.0 

57.0 

1.90 

60.0 

.86%  (max)  P 

Stress 

400 

32.0 

66.0 

55.0 

1.14 

67.3 

.032%  (max)  Mn 

Relieved 

600 

28.0 

63.0 

57.0 

1.05 

64.8 

.043%  (max)  S 

800 

25.0 

52.0 

49.0 

1.80 

53.7 

) 

'J 

.24%  (max)  Si 

1000 

20.0 

34.0 

26.5 

2.40 

35.3 

1 

“1 

Low  Carbon 

Low  Alloy  Steel 

1 

4.  (.08-. 35)7,  C 

70 

40.0 

63.0 

54.0 

1.45 

65.5 

i 

X 

(.30-. 80)%  Mh 

750 

30.0 

62.5 

53.0 

1.50 

64.5 

i 

(.10-. 50)7.  Si 

None 

900 

26.5 

54.0 

44.0 

1.55 

53.0 

i 

.04%  (max)  P 

Specified 

1000 

23.0 

46.0 

37.0 

1.80 

51.8 

i 

.05%  (max)  S 
(.40-. 65)  Mo 

1100 

19.0 

38.0 

34.0 

2.00 

40.2 

1 

Low-Medium  Carbon 
Low  Alloy  Steal 


245 


5. 


Material 


Heat 

Treatment 

5.07.  Cr 

0.57.  Mo  (l-.5)%  T.l 
.127.  C  Annealed 

et  1550°F 

Low  Carbon 
High  Alloy  Steel 


Temp. 

F 

»*% 

s 

y 

S 

u 

900 

20.0 

50.0 

1000 

17.5 

44.0 

1100 

15.0 

37.0 

1200 

13.0 

28.0 

1300 

10.0 

19.  C 

1400 

7.5 

13.0 

X 

t> 

0 

44.0 

1.36 

50.9 

38.0 

1.43 

44.8 

31.0 

1.50 

36.1 

21.0 

1.90 

28.4 

10,0 

2.35 

19.0 

5.0 

2.70 

12.6 

'  5.07.  Cr 

70 

30.0 

71.0 

57.0 

1.42 

73.0 

0.57.  Mo 

400 

26.0 

68.0 

55.0 

1.55 

61.5 

0.27.  C 

600 

24.0 

58.0 

53.0 

2.00 

59.9 

900 

20.0 

51.0 

42.0 

3.00 

52.3 

None 

1000 

18.0 

43.0 

32.0 

3.40 

44.0 

Lou  Carbon 

Specified 

1100 

16.0 

34.0 

28.0 

3.60 

34.2 

High  Alloy  Steel 

1200 

14.0 

25.0 

16.0 

4.20 

26.1 

1300 

10.0 

17.5 

9.0 

4.70 

18.9 

1400 

8.0 

12.0 

6.0 

4.80 

12.1 

7  *  Stainleaa  Steel 

7P 

39.0 

72.0 

68.0 

1.50 

74.0 

177.  Cr 

Annealed 

1300 

8.0 

15.0 

7.0 

2.10 

16.2 

.127.  (max)  C 

at  1950°F 

1400 

6.0 

10.0 

5.0 

2.50 

11.5 

1500 

4.0 

6.0 

3.0 

2.60 

6.95 

8*2.257.  Cr 

Annealed 

70 

41.0 

74.0 

65.0 

1.35 

71.9 

1.07.  Mo 

at  1550°F 

1100 

30.0 

54.0 

36.0 

__U50 

43.5 

0.157.  C 

Cast 

TJ 

6^.0 

'”"30" 

65.0 

1.80 

"  93.5 

1000 

40.0 

58.0 

46.0 

1.90 

60.1 

Low  Carbon 

Normalized 

"75 

75.0 

llo.o 

54.0 

1.15 

12&.0 

Low*  Alloy  Steel 

at  1650°F 

800 

75.0 

110.0 

53.0 

1.90 

126.0 

Drawn 

900 

70.0 

107.0 

52.0 

2.40 

111.0 

at  1300°F 

1000 

60.0 

95.0 

51.0 

2.45 

101.0 

9*  1.257.‘Cr-0.5l  Mo 

Normalized 

0.07-.  15)7.  C 

at  1700°F 

70 

55.0 

75.0 

64.0 

1.90 

78.8 

Low  Carbon 

Drawn 

Low  Alloy  Steel 

at  1300°F 

- 

Stainleaa  Steel 

70 

57.0 

80.0 

63.0 

1.15 

91.0 

257.  Cr-127.  Ni 

800 

41.0 

69.0 

62.0 

1.19 

74.5 

.207.  (max)  C 

1200 

31.0 

52.0 

37.5 

1.17 

56.9 

AmveaAed 

1300 

28.0 

44.0 

36.0 

1.80 

49.3 

at  2000°F 

1400 

26.0 

36.0 

21.0 

2.00 

38.9 

1500 

25.0 

27.0 

17.0 

2.10 

28.2 

1600 

20.0 

20.0 

11.0 

2.20 

21.5 

l 


Material 

Heat 

Temp, 

11. 

Treatment 

°F 

Stainless  Steel 

70 

18%  Cr-8%  Ni  .0% 

Ti 

1000 

(.04-. 09'%  C 

Annealed 

1200 

at  1950°F 

1300 

1500 

S„ 

S 

X 

b 

0 

y 

u 

0 

35.0 

85.0 

71.0 

1.80 

87.0 

30.0 

55.0 

46.0 

2.00 

60.4 

28.0 

45.0 

35.0 

2.30 

49.2 

25.0 

41.0 

21.0 

2.50 

43.0 

18.0 

22. 0 

11. 0 

2.75 

24.5 

12. 


Stainless  Steel 

70 

38.0 

85.0 

75.0 

1.50 

87.5 

18%  Cr-8%  Ni  +.8% 

Cb 

1000 

29.0 

60.0 

52.0 

1.55 

63.3 

.06%  C 

1100 

27.0 

58.0 

51.0 

1.60 

60.0 

Annealed 

1200 

25.0 

47.0 

40.0 

1.70 

48.7 

at  1900°F 

1300 

22.0 

44.0 

40.0 

1.70 

45.2 

1500 

18.0 

25.0 

13.0 

3.00 

26.7 

lJ. 

Stainless  Steel 

70 

45.0 

85.0 

73.0 

2.40 

86.9 

18%  Cr-8%  NI 

800 

25.0 

60.0 

51.0 

2.60 

63.5 

o 

to 

1 

b 

o 

Annealed 

1000 

20.0 

54.0 

45.0 

2.80 

55.6 

'  \  ‘1 

at  1950°F 

1200 1 

18.0 

45.0 

36.0 

2.95 

47.8 

1400 

14.0 

31.0 

20.0 

3.10 

32.2 

14. 

Stainless  Steel 

70 

41.0 

88.0 

79.0 

1.08 

89.0 

18%  Cr-12%  Nl-2%  Mo 

600 

31.0 

73.0 

66.0 

1.12 

75.8 

.08%  C 

800 

27.0 

72.0 

65.0 

1.23 

74.6 

Annealed 

1000 

24.0 

69.0 

60.0 

1.39 

70.3 

at  1950  F 

1200 

21.0 

55.0 

44.0 

1.50 

56.8 

1300 

19.0 

47.0 

35.0. 

1.55 

52.3 

* 

1400 

18.0 

35.0 

24.0 

1.75 

38.2 

*' 

1600 

17.0 

21.0 

13.0 

2.00 

22.8 

15. 

Stainless  Steel 

70 

32.0 

88.0 

80.0 

1.17 

89.2 

25%  Cr-20%  NI 

1000 

24.0 

70.0 

65.5 

1.20 

73.2 

.25%  (max)  C 

Annealed 

1300 

20.0 

47.0 

40.0 

1.33 

48.5 

at  2000 °F 

1400 

19,0 

37,0 

30.0 

1.38 

38.8 

1500 

17.0 

34.0 

17.0 

1.40 

36.0 

16&E  4340  Steel 

70 

90.0 

120.0 

101.0 

1.09 

124.5 

.4%  Cr-,4%  NI- 

•  Normalised 

850 

65.0 

90.0 

72.0 

1.13 

100.5 

.4%  Mo 

at  1600T1 

950 

50.0 

78.0 

55.0 

1.59 

92.5 

(.35-. 50)%  C 

Tempered 

1000 

50.0 

70,0 

53.0 

1.90 

79.8 

Medium  Carbon 

at  1200°F 

Low  Alloy  Steel 

247 


Material 

Heat 

T«mp. 

17. 

Treatment 

r 

SAE  4140  Steel 

Quenched 

70 

.92%  Cr-.6%  Mn- 

and 

1000 

.25%  SI  .4%  C 

Tempered 

Medium  Carbon 

at  1200  F 

Low  Alloy  Steel 

1C. 

1.25%  Cr-,5%  Mo  Normalized  70 
-.5%  Mn-.6%  Si-  at  1725  F  1000 
.25%  V  Drawn  0 

Medium  Carbon  at  1200  F 
Low  Alloy  Steel 


19. 

1.0%  Cr-.35%  Mo  Normalized  70 

-.25%  V  .4%  C  at  1700°F  900 

Medium  Carbon  Tempered 

Low  Alloy  Steel  at  1200°F 

20.  tempered 

D6AC  at  1150®F  70 

Unnctched  Steel  1200  F  70 
1250  F  70 


REFERENCES  FOR  TENSILE  STRENGTH  DATA 


Materials 

:  Source: 

1. 

ASTM  SIP  II  180  (1955) 

2. 

ASTM  STP  It  100  (1950) 

3. 

ASTM  STP  9  180  (1955) 

4. 

ASTM  STP  it  100  (1950) 

5, 

ASTM  STP  It  100  (1950) 

6. 

ASTM  STP  it  100  (1950) 

7. 

Scalnlses  Steel  ASTM  STP 

It  100 

(1950) 

8. 

ASTM  STP  It  151  (1953) 

9. 

ASTM  STP  9  151  (1953) 

10. 

Stainless  Steel  ASTM  STP 

it  ioo 

(1950) 

11. 

Stainless  Steel  ASTM  STP 

9  124 

(1952) 

12. 

Stainless  Steel  ASTM  STP 

#  124 

(1952) 

13. 

Stainless  Steel  ASTM  STP 

#  124 

(1952) 

14. 

Stainless  Steel  ASTM  STP 

It  100 

(1950) 

15. 

ASTM  STI  9  100  (1950) 

16. 

ASTM  STP  9  199  (1957) 

18, 

ASTM  STP  #  151  <1953) 

19. 

ASTM  STP  #  199  (1957) 

20. 

Mechanical  Prefer ties  Data  Center  Search  #  1333 
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A-1.3  WEIBIILL  PARAMETERS  FOR  RUPTURE  STRENGTH 


INDEX  TO  WEIBULL  PARAMETERS 
FOR 

RUPTURE  STRENGTH  OF  VARIOUS  MATERIALS 


Page  Humber 
trhere 

Material  Weibull  Parameters 

for  a  given  Material 
can  be  located 


1. 

12  Cr  -  2.73  Mo-V 

253 

2. 

12  Or  Steel 

253 

3. 

12  Cr  -  Cb  Steel 

253 

b. 

12  Cr  -  2.5  W-V 

253 

3. 

12  (Jr  -  5  Co  -  3  W-V 

253 

6. 

13  Cr  -  W  -  Mo  -  V 

254 

7. 

17  -  22  -  A  -  "S"  Steel 

254 

8, 

.12  -  .17  C  Steel 

254 

9. 

.18  -  .Zb  C  Steel 

254 

10,'u, 

'A8TM  A  -  201  -  B  Steel 

254 

11.. 

17  •-  22  A-0 

254 

12. 

.5  Cr  -  .5  Mo  Steel 

254 

13. 

.5  Mo  Steel 

254 

lb . 

5.0  Cr  -  .5  Mo  -  Ti 

255 

15. 

18  Cr  -  8  lfl>  +  Mo  +  Cb 

253 

16. 

18  Cr  -  8  Mi  +  Cb 

255 

17. 

18  Cr  -  8  Hi 

235 

16. 

b}kQ  Steel 

255 

19. 

C  -  »5t  Mo  Steel. 

233 

20. 

5 i  Cr  •/. 5*  Mo  -  Ti 

l#  or  •  8  i  Ri.  , 

255 

21. 

255 
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Mat*tiul«s 

I  through  6 
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8  through  10 

II  through  14 
15  through  17 
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REFERENCES  FOR  RUPTURE  STRENGTH  DATA 


Sourest 
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ASTM  STP  $  124  (1952) 

ASTM  S>TP  if  199  (1957) 


19  through  21  ASTM  STP  #  100  (1950) 


. > :  w  <  ■  -t\ 


<4 

$ 

* 


TABLES  Of  INTERFERENCE  [?<*)] 

Stress  Distribution:  Normal  Strength  Distribution:  Welbull 
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Figure  A-22  Interference  with  Standard  Deviation  of  Stress 
Not  Equal  to  Zero 
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MATHEMATICAL  THEORIES  OF  ANALYTICAL  EXPRESSION 


A-JJ 


A-3.1  INTRODUCTION 

A -3.1.1  The  Concept  of  a  Random  Variable 

Interference  Theory  is  concerned  with  the  interplay  of  two  vari¬ 
ables  X  and  Y  called  the  strength  and  stress  respectively.  Each  vari¬ 
able  is  considered  to  arise  as  a  consequence  of  performing  some  action  and 
measuring  the  resulting  value  of  the  variable.  Unlike  other  such  problems 
frequently  considered  in  engineering,  however,  one  cannot  predict  with 
certainty  what  value  of  the  variable  will  result  as  a  consequence  of  a 
given  action.  For  example,  one  cannot  predict  with  certainty  the  strength 
of  a  manufactured  part  prior  to  performing  a  strength  test  on  it.  One 
feels  from  experience  that  the  strength  will  lie  in  some  finite  interval 
or  that  in  the  past  the  average  strength  has  been  some  known  value.  But 
that  is  quite  different  than  knowing  with  certainty  what  strength  this  part 
will  have.  Hence  it  is  convenient  to  consider  both  strength  and  stress  to 
be  random  variables--variables  whose  values  are  not  known  with  certainty 
prior  to  performing  some  test. 

As  is  usual  in  studying  random  variables  one  associates  with  the 
possible  values  that  the  random  variable  can  take,  a  set  of  numbers  called 
the  probability  that  the  random  variable  takes  less  than  that  value.  The 
function,  F(y)  that  assigns  these  numbers  is  called  a  distribution 
function  and  its  derivative,  if  it  exists  for  all  y  , 


f(y)dy  -  dF(y) 


is  called  a  probability  density  function.  From  data  analysis  of  the  type 
performed  in  Section  6  of  this  report  one  estimates  the  density  function 
or  distribution  function  from  given  data.  Hence  one  starts  the  mathe¬ 
matical  study  of  interference  assuming  that  X,  the  strength  and  Y,  the  . 
stress,  are  random  variables  with  known  distribution  or  density  func¬ 
tions,  F(x)  and  Gfy)  or  f(x)  and  g(y)  respectively, 

A-3.1.2  Interference  Theory  and  Random  Variables 

Interference  theory  is  concerned  with  the  problem  of  determining 
the  probability  of  failure  of  a  part  which  is  subjected  to  a  stress  Y  and 
which  has  a  strength  X  •.  It  is  assumed  that  both  X  and  Y  are  random 
variables  with  known  probability  density  functions.  One  says  failure  occurs 
whenever  stress  exceeds  strength.  Hence,  the  probability  that  failure  occurs 

39# 


is  equivalent  to  the  probability  that  stress  exceeds  strength.  In  symbols: 


Pr( failure)  =  Pr  (Y  >  X)  . 


A-3.2  Determination  of  Probability  of  Failure 

It  is  clear  from  A-3. 1.2  'that  to  determine  the  probability  of 
failure  one  needs  to  explore  the  probability  that  one  random  variable, 
called  stress,  exceeds  another  random  variable,  called  strength.  In  practi¬ 
cal  application  it  is  to  be  expected  that  the  random  variables  are  independ¬ 
ent  of  each  other  in  tne  sense  that  knowledge  of  one  does  not  allow  one  to 
predict  the  other  any  more  closely  than  would  the  absence  of  such  knowledge. 
In  symbols  one  would  say  that  the  random  variables  X  and  Y  are  inde¬ 
pendent  if 


Pr(x|Y)  -  Pr  (X), 


Roughly  in  words,  this  statement  says  that  the  probability  of  X  is  the  same 
whether  one  knows  the  exact  value  of  Y(P(X|Y)’  or  not,  (P(X))  . 

There  are  four  main  ways  to  determine  the  probability  of  failure 
from  the  above  considerations.  In  any  given  case  we  will  use  the  form  most 
easily  calculated. 

a.  One  can  fix  attention  on  some  particular  value  pf  one  of  the 
random  variables,  say  Y  and  determine  the  probability  that  the  other 
random  variable  does  not  exceed  this  fixed  value,  say  y  .  The  probability 
that  X  does  not  exceed  a  fixed,  given  value  of  Y  is  written  as 

(1)  Pr(X  <  y|Y  -  y)  . 


In  terms  of  density  and  distribution  functions  this  is  equivalent  to 

ry 

/  f(x)dx 


for  those  cases  where  X  takes  only  non-negative  values.  If  one  now 
multiplies  Cl)  by  the  probability  that  Y  ..is  in  the  neighborhood  of  y  , 


one  obtains  a  ,1oint  probability  function 


f  y 

P(X  <  y;  y  <  Y  <  y  +  dy)  =  /  f(x)g(y)dx 

“  '  ij  „ 

The  probability  that  X  <  Y  for 
take  on  is  given  by 

(2)  P(X  <  Y) 


in  the  ease  the  random  variable 
Since  failure  occurs  whenever  X 
failure  sought.  It  is  expressed 
known  density  functions. 

0).  One  can  define  a  new  dummy  variable 


Z  »  X  -  Y  . 


Since  X  and  Y  are  random  variables  their  difference,  £  is  a  random 
variable.  Further,  If  X  and  Y  are  distributed  on  (0,»)  ,  Z  is  dis¬ 
tributed  on  (-«,”)  •  ’The  probability  of  failure  than  is  equivalent  to  the 
probability  th&fi  Z  is  non-positive,  Pr(Z  <  0).  The  problem  ’the  n  is  to 
find  h(z)  ,  the  probability  density  function  for  Z  .  IVom  this  the  desired 
probability  of  failure  ca;-.  be  obtained  in  a  simple  fashion. 

To  motivate  the  study  of  interest,  let  us  solve  for  the  following 
simple  problem  in  detail.  Assume  X  has  a  probability  density  function 
f<x)  «=  l/b  and  Y  is  identically  distributed.  Both  are  distributed  on 
the  in^ger  1,  2,  ...  6  .  So  formally 

f(x)  ■  |  for'  x  *»  1,  2,  3,  4,  5,  6 
*  0  elsewhere 


and  Y  is  independent  and  identically  distributed  • 


any  value  that  the  random  variable  y  can 


•  ry 

J  f(x)g(y)dxdy 


Y  is  distributed  on  the  non-negative  axis. 
<  Y  ,  formula  (2)  gives  the  probability  of 
in  terms  of  the  double  integral  of  the 


Now  consider  a  tabic  of 

y 

y 

values  mv! 

it'll-,  fll  f fr-ffincp  . 

X  - 

Y  =  Z  . 

X  value 

1 

p 

3 

4 

5 

6 

■ 

1 

0 

1 

2 

3 

4 

5 

2  ■ 

-1 

0 

1 

2 

3 

4 

Y  value  3 

-2 

-1 

0 

1 

2 

3 

4 

-3 

-2 

-1 

00 

1 

2 

5 

-4 

-3 

-2 

-1 

0 

1 

6 

-5 

-4 

-3 

«■  c! 

-1 

0 

For 

X  =  1  and  Y  =  1,  Z  = 

0  .  The  probability  that  X 

*  1 

and  Y  =  1 

is 

1/36  since  X  and  Y 

are  independent. 

The  probability 

associated ■ 

with  each  cpll  in  the  above 

table  is 

1/36  . 

Now 

notice 

that 

if  Z  =  0  then 

X  * 

1}  Y  =  1  or  X=2;y  = 

2  or 

X 

-  35  Y 

„  3 

etc. 

Hence 

the  probabil- 

ity 

that  Z  b  0  is  given  by 

1/36 

+  1/36  +  l/36  H 

h  I/36  ■ 

+  1/36  +  1/36  »  l/6  . 

If  now,  we  let  h(z)  =  the  probability  that  X  -  Y  =  Z  for  fixed  Z  then 
h(z)  is  desired  probability  density  function.  From  the  above  discussion, 
it  is  clear  that'  f(x)f(y)  is  the  probability  that  both  X  and  Y  take 
on  desired  values.  In  every  case  X  «  Z  +  Y  for  the  X,  Y,  Z  of  interest. 
Hence  f(y+z)  f(y)  is  the  probability  that  X»  Z  +  Y  and  Y  =  Y  for 
any  Y  and  fixed  Z  .  The  above  probability  is  the  joint  distribution  of 
Y,  Y  +  Z  ,  say  g(y,  z)  .  It  is  well  known  that  to  get  the  marginal  distri¬ 
bution  h(z)  .from  g(y,z)  one  merely  "sums  over  all  y  ."  One  must  remem¬ 
ber  that  both  X, Y  are  distributed  on  some  interval  (l,  2  ...  6  in  this 
example)  and  hence  the  sum  must  be  over  "Permissable  values  of  Y  ."  Leu. 
us  see  what  these  are  in  this  example. 

X  is  distributed  on  1,  2  ,,,  6  and  f(z+y)  is  the  probability 
distribution  of  X  .  Hence,  z+y  cannot  exceed  6  nor  fall  below  1  . 

Thus  at  the  upper  limit  z+y  »  6  and  at  the  low  limit  z+y  -  1  .  Or 
y  =  6  -  z  and  y  »  1  -  z  .  Now  let  us  look  at  the  Y, Z  plane.  (See  the 
Figure  A-3.1). 

Clearly  g(y,z)  can  be  summed  only  over  the  y  values  defined 
in  the  rectangle.  But  below  the  y  axis  this  means  y  is  summed  from 
1  -  z  to  6  and  above  the  y  axis,  y  is  summed  from  1  to  , 

Hence  we  must  consider  two  parts  of  the  sum  as  follows. 


if 


hU)  -  i:  f(.-*.y)  r(.y) 
y 

0 

■■■  2  (■■<■> y)  r(y) 

y=i-z 

6-2 

-  L  f(z+y)  i‘(y) 
y-i 


«;  >  z  >  -■>, 


if  0  <  z  <  5. 


(Note  that  Z  =  0  could  bo  in  either  sum— but  not  both--arbitrarily  it 
lias  been  put  into  the  second.) 

Now  recall  f(x)  =  1/6  for  all  x  =  1,  2  ...  6  and  similarly 
for  y  .  Hence 


h(z)  ='  2  1/36  ,  ■■  0  >  z  >  -5, 

y=l-z  ~ 

6«z 

=  £  '1/36,  0  <  z  <  5. 

yal  —  - 


Prom  this  it  follows  that: 


h(0) 

-  1/36 

[1  + 

1  + 

1  +  1  +  1  +  1] 

-  6/36, 

h(l) 

-  1/36 

n  + 

1  + 

1  +  1  +  1] 

-  5/36, 

h(2) 

=  1/36 

[1  + 

1  + 

1  + 1] 

-  V36, 

M3) 

=  1/36 

ti  + 

1  + 

1] 

=  3/36, 

b(*0 

«  1/36 

[1  + 

i] 

=  2/3b* 

h(5) 

=--  1/35 

[1] 

=  1/36, 

auu 


h(-l)  =  1  /’A>  [j  +1  +  1  +  1  +  1]  =  5/36, 

h(-2)  =  1/36  [1  +  I  +  1  +  1]  -  U/36, 

h(-3)  =  1/36  [1+1+1]  =  3/36, 

h(-4)  =  1/36  [l  +  i]  =  2/36, 

h(-5)  =  1/36  [1]  „  1/36. 

A  picture  of  h(z)  is  given  in  Figure  A-3.2. 


The  probability  of  failure  in  this  case  is  given  by 


£  h(z)  *»  1/2  . 
z=-5 

Having  solved  the  foregoing  simple  problem  one  is  able  to  gener¬ 
alize.  Because  of  the  special  nature  of  the  interference  problem  we  assume! 
X  has  probability  density  function  f(x)j  Y  has  probability  density 
function  g(y)  and  both  are  distributed  on  (0,»)  .  Note  that  we  are 
allowing  f  and  g  to  be  different.  Hence  we  have  dropped  the  assumption 
of  identically  distributed  random  variables  although  we  continue  to  assume 
that  they  are  independent. 

As  in  the  previous  work  it  is  clear  that  the  only  difficulty  in 
finding  h(z)  is  in  finding  the  correct  limits  on  the  integrals.  The 
probability  arguments  are  trivial.  Since  we  have  assumed  that  both  X  and 
Y  are  distributed  on  (0,»)  we  can  give  a  complete  solution  to  this 
problem.  For  consider  the  y, z  plot  again.  Since  x«0  is  the  minimum 
value  that  X  can  take  we  must  have  y  +  z  »  0  or  y  ■  -z  as  the  lower 
bound  of  the  area  to  be  considered.  Since  x  ■  »  is  the  maximum  value  that 
x  can  take  there  is  no  upper  bound  on  area.  Hence  all  values  of  permies- 

able  y's  are  included  in  the  area  above.  These  are  shown  in  Figure  A-3.3, 


AOA 


-5  -4  -3  -2  -1  0  '  1  2  3  4  5 


Figure  A  -  3.2  Probability  density  function  h(z) 
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arid  urn?  can  pursue  the  probability  arguments  precisely  a. 


(3) 


hU)  -  ;  f(?+y)g(y)dy, 

y 

i  ““ 

=  j  f(z+y)e(y)dy,  z  >  6,  '• 


f(?+y)K(y)dy, 


-z 


z  ^  0, 


Clearly  this  solves  the  problem  in  genera1  for  i. 
x,y  extensions  to  other  domains  for  X, Y  fellow  quite  read  a 

It  follows  then  that  with  the  above  iormulation . one  need  noi 
resort  to  Monte  Carlo  simulation.  At  worst  one  must  evaluate,  ni.mieriefi.ljy, 
■h.  -y-'-jn  integrals.  In  some  cases  the  h(z)  can  be  obtained  in  closed 

form.  Ir.  the  often  considered  case  in  which  X  and  /  are  normally 
distributed,  the  probability  density  function  of  z  is  known  to  be  normal. 
Hence  Pr(z  <  0)  is  obtainable  from  tables  of  the  normal  curve.  We  will 
show  this  uo  be  true  in  A-3.3.1. 

c.  I  From  the  definition  of  a  probability  distribution  function 
one  sees  from  formula  (2)  that  the  probability  of  failure  can  be  expressed 
as: 


(b) 


Pr(X  <  Y)  = 


00 

F(y)g(y)dy 


where  F(;y)  is  the  probability  distribution  function  of  X  evaluated  at 
the  point  y  .  Formula  (1 )  is  convenient  to  use  when  F(y)  is  easily 
determined  as  in  the  case  of  strength's  that  are  Weibull  distributed. 


An  equivalent  representation  obtainable  from  Formula  (2)  is 


(b) 


Pr(X  <  Y) 


[l-G(x) ]  f(x)dx 


where  Ci(x)  is  the  distribution  function  of  the  random  variable  Y  . 
Again  this  is  convenient  to  work  with  in  some  cases  such  as  stresses  that 
■arc  Wcibu.ll  distributed. 
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Since 


formula  (5)  can  also  be  written  as 


(b) 


Pr(X  <  Y)  =  1 


G(x)f(x)dx 


Each  of  the  formulas  (2)  ,  (3)  ,  (4)  t  (5)  ,  (6'  are  easier  to  work 
tfith  in  special  cases  than  the  others.  In  developing  the  examples  and 
tables  in  this  report  we  have  chosen  the  particular  integral  that  appeared 
easiest  for  the  cases  considered. 


d.  A  fourth  method  that  can  be  used  to  evaluate  the  probability 
of  failure  is  to  reconsider  the  equation 


Z  ■=  X  +  (-Y)  . 


From  this  it  is  clear  that  Z  is  the  sum  of  two  independent  random  vari¬ 
ables  X  and  -Y  .  It  is  well  known  in  probability  theory  that  the 
Laplace  transform  for  the  density  function  for  the  sum  of  two  independent 
random  variables  is  given  by  the  product  of  the  Laplace  transforms  of  the 
density  functions  of  the  individual  variables.  Hence  if  H*(s)  is  taken 
for  the  Laplace  transform  of  h(z)  ,  then 


H*(s)  =  F*(s)G*(-s) 


where  F*(s)  and  G*(-s)  are  respectively  the  Laplace  transforms  of 
f(x)  and  g(-x)  , 

This  method  of  finding  the  probability  density  function  of  Z 
and  thence  the  probability  of  failure  has  not  been  used  in  this  work. 
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A-3.3  Some  Examples 


A-3.3.I  Normally  Distributed  Strength  (X)  ,  normally  Distributed  Stress  (Y) 


It  is  well  known  that  if  X  and  Y  aro  normally  distributed 


with  mean  values  hx  and  |iy  and  variances  and  C' 

is^normally  distributed  with  mean  value  Hz  •=  l^x  “  Hy 


2 


then  Z  «  X  -  Y 


and  variance 


.  Consequently,  the  nrobability  of  failure  will  be  given  by 
the  area  under  the  normal  curve  whose  mean  and  variance  are  Hz  and  CTz2 
respectively.  The  area  is  to  found  on  the  interval  (-»,o)  .  We  proceed 
to  prove  these  remarks  to  exemplify  the  ideas  developed  in  A-3.2  part  b  . 

The  normal  density  function  is  given  by 


tW 


■jst. 


& 


■w  <  X  <  00 


Since  it  is  easiest  to  develop  the  results  using  method  b  in  Section  A-3.2, 
we  consider  the  random  variable,  Z  ■  X-Y  .  It  is  easy  to  see  in  this 
case  that  the  probability  density  function  of  Z  ,  say  h(z)  is  given 

(z+y-Hx)2 


(y-Hy)2 


2cfxe 


dy 


After  laborious  algebraic  manipulation  completing  the  square  of  the  ex¬ 
ponent  and  using  the  fact  that 


1: 


-r2/2  r 

e  dr  ■  v  2n  , 


one  is  able  to  show 


h(z) 


-(z-(Mx^y))2/2(cx2+oy2) 


-«®  <  7  <  «  , 


's/2j?(<7jC2+<Jy2) 

That  is,  Z  is  normally  distributed  with  mean  value  Mx-|iy  and  variance 
°x2+uy'-  .  From  this  it  follows  immediately  that  the  probability  of  failui 
Pr(Z  <  0)  ,  is  the  integral  of  the  normal  curve  over  (-»,o)  • 
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(Y) 
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\**J  <A1  AV4  W  X  CULJ.J  uiourxuuiicu 


Because  of  the  simplicity  of  the  integrals  involved  one  can  use 
this  example  to  illustrate  several  of  the  methods  discussed  in  Section  A-3.2. 


We  take  X  to  he  distributed  as 
f(x)  =  ae_ax  ,  0  <  x  <  °o  , 

and  Y  to  be  distributed  as 

g(y)  =  be"by  ,  0  <  y  <  »  4 

1.  Using  formula  (2)  in  A-3,2  one  fixes  the  value  of  one  of 
the  variables,  say  Y«y  .  For  this  fixed  value  one  determines  the  prob¬ 
ability  that  X  <  y  .  This  is  given  by 


Er(X<  y|Y-y)  -  J' 


ae 


■ax 


dx  »  1  -  e 


-ay 


If  we  multiply  this  by 


Pr(y  <  Y  <  y  +  dy)  o  g(y)dy  , 


we  obtain 


Pr(X  <  y|  Y=y)  Pr(y  <  Y  <  y  +  dy)  «  Pr(X  <  y;  y  <  Y  <  y  +  dy) 

■  (l-e_ay)  be“by  dy  ,  0  <  y  <  »  . 


Then 

Pr(X  <  Y )  m  J  (l-e"ay)  be“by  dy  -  1  -  , 

which  is  the  required  probability  of  failure. 
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2.  Using  formula  (3)  of  A-3. 2  one  must  first  find  the  probability 
density  function  of  Z  =  X  -  Y  .  This  is  easily  accomplished  by  using  the 
formula 


h(z)  mj  f(z  +  y)  g(y)  dy  ,  z  <  0  . 

Since  the  probability  of  failure  is  equivalent  to  Pr(Z  <  0)  ,  one  has, 
using  formula  (3)  ofA-3.2  that 

/  h(z)d2=/  /  ae“a(z+y)  be“by  dydz  -  ^  -  1  -  , 


which  clearly  agrees  with  the  result  found  above. 

3.  Using  formula  (fc)  ofA-3.2  one  sees  that 


r(y)  -  J 


ae-ax  dx  «  1  -  e_ay 


Hence  from  formula  (k)  ofA-3.2  one  obtains  the  probability  of  failure  as 


Pr(X  <  Y)  -  J  (l-e"ay)  be“by 


This  Integral,  of  course  ,is 


£  Y>  -  1  -  &  * 

which  again  agrees  with  the  other  results  of  this  section. 


A-3.3.3  Gama  Distributed  Strength  (X)  and  Gamma  Distributed  Stress  (Y) 


In  some  applications  one  finds  typically  that  the  probability 
density  function  for  the  random  variable  has  a  form  as  shown  in  Figure 
A-3-V  50(1  that  the  gamma  density  function,  given  by  the  formula 
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(1) 


f(x) 


n  >  C 


o  <  x  <  » 


X  >  0 


i 


! 


can  be  used  to  closely  fit  the  data.  \  in  the  formula  is  a  scale  parameter, 
n  is  a  shape  parameter.  For  n  -  1  the  gamma  density  function  is  the 
negative  exponential  discussed  above.  For  large  values  of  n  ,  the  gamma 
density  can  be  approximated  by  the  normal  density.  Hence  the  gamma  function 
supplies  a  family  of  densities  that  roughly  fall  between  the  two  cases 
previously  discussed. 

It  has  been  shown  in  formula  (3)  of  Section  A-3.2  that  if  one 
considers  the  problem  of  determining  the  distribution  of  the  difference 
variate  Z  (i.e.,  Z  «  X-Y)  for  given  distributions  for  X,  Y,  then  the 
density  function  for  Z  can  be  found  from 


(2) 


h(z)dz  «  Rr[z  <  Z  <  z  +  dz]  ■ 


/  f(z+y)g(y)dydz  ,  0  <  z  <  »  , 

l 

J  f(z+y)g(y)dydz  ,  -»  <  z  <  0  . 


Hence  one  is  interested  in 

.0 


f  h(z)dz  -  f  f  f(z+y)g(y)dydz  , 

'■'-CO  '•Loo  J-8  ' 

Equivalently  one  is  interested  in 

00  OO  00 

J  h(z)dz  mj  J  f (z+y)g(y)dy  , 

0  0  “  o 

from  which  P(Z  <  0)  ■  1  -  J'  h(z)dz  .  Here  we  suppose 


(3)  f(x)  -  frjtjy  x®-1  e"x  ,  0<x<oo, 

(*)  a(y)  ■  ■jrj-y  j^"1  »"y  »  o  <  y  <  -  . 

{Later  we  shall  extend  this  definition  of  the  game  function  to  include  the 
scale  parameter  A  in  formula  1.) 
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Straight  forward  substitution  of  (3)  and  (4)  into  (2)  leads  to 


\z)  =  — 1  /'"(a  +  y)""1  e-<2+y)  y"’1  e*y  dy,  z  >  0  . 

r(m)r(n) 


The  substitution  v  =  y/z  lead  to 


h(z)dz 


r(m)r(n) 


zm+n-l  e-z  r  vn-l  (l+v)m-l  e-2zv  dv#  B  >  0  . 


The  integral  can  be  expressed  in  terms  of  the  well  known  confluent  hyper¬ 
geometric  function  T(n)U(n,  n  +  m,  2z)  and  the  function  h(z)dz  can  be  ex¬ 
pressed  in  terms  of  the  well  known  Whittaker  function  m(2z).  In  the 
special  case  m  *  n  the  V.*h|ttaker  function  can  be  expressed  in  terms  of 
the  Bessel  function  K^X).  Hence  in  general  h(z)dz  can  be  found  in 
terms  of  well  known  functions. 

The  above  results  define  the  density  function  for  Z  >  0.  The 
probability  that  Z  >  0  is  given  by 

n  00 

I  h(z)dz. 


Prom  the  above  discussion  this  is  equivalent  to 


/  Wk,a<*>d* 


where  Wk  m(x)  is  the  Whittaker  function.  From  the  definition  of  h(z)dz 
this  is  also  equivalent  to  the  double  integral 


r(m)r(n)  J0 


r  .wn-1  d.  f  v-1  (1+vri 

J  n  J  n 


-2zv  , 
e  dv. 


The  expreseion  of  h(z)dz  in  terras  of  K-(x)  was  first  found  by  Pearson, 
et  al-*-3  ,  The  general  result  of  h(z]dz  is  terms  of  the  Whittaker 
function  was  first  found  by  Kullback1*1  .  Our  results  follow  di¬ 
rectly  from  the  definition  of  these  funtions^A 


The  last  formulation  is  easiest  to  work  with. 


Interchanging  the  order  of  integration  and  noting  that  the  inte¬ 
gral  involving  z  is  by  definition 


f'(m+n) 

,~.Am+n 


(l+2v)' 


leads  to  the  single  integral 


T(m+n)  f 00  (l-tv)m“1  v11"1 

r(m)  r(n)  J  ( l+2v )m+n  dV> 


If  now  one  takes  u  -  v/(l+2v)  it  follows  directly  that  the  inte¬ 
gral  can  be  written  as: 

»>  *  »  2  <»  •  igjlfr/*  a-'*)-1  u”-1  «. . 

This  integral  is  the  well  known  incomplete  beta  function  Bn /o  (m.n), 

Hence,  finally 

Ml  - 0>  ■  ifosV  (m'") 

where  B(m,n)  «  tr(m«i)/r(in)r(n))  ,  It  follows  directly  that  the 
probability  of  failure  is  given  by  1  -  Pr(Z  >  0). 

In  all  the  previous  results  we  have  taken  the  gamma  distribution 
in  the  form 

f(x)  "  r&T  e"X’  0  ^  <  “• 

A  simple  generalisation  occurs  if  one  admits  the  scale  parameters 
u.  It  is  easy  to  show  that  the  resultant  probability  density  function 
is  given  as  .m  „  .  . 

*  TO"  x  ml  ^  >  0,  0  ^  x  <  «,  m  >  0  , 

.(y)-^  u>o,o<y<-,n>o. 
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If  one  introduces  this  into  Equation  (2)  for  h(z)dz  it  follows  by 
previously  used  method a  that 

h(>)dz .  z"”-1  f  ’  a «ri  v--1  o  £ ,  < . . 

r(m)l-<n) 

which  leads  to  h(z)dz  being  expressed  in  terms  of  the  Whittaker  function  with 
argument  (\+u)z  Instead  of  2z  as  previously. 

From  the  above  one  has,  again  using  the  previous  methods, 


where  r  -  \x/K  .  The  change  of  variable  u  -  rv/(l  +  (l+r)v)  allows  one 
'.to  express  the  above  integral  as 


/  ”*  (l '  “)“'1  u“’1 


which  invoices  r  only  in  the  limit  of  integration.  Hence  P(Z  >  o)  csin 
be  expressed  ab^he  incomplete  beta  function  whose  truncation  occurs  at 
r/(l  +  r) lnsteacNof  l/2  as  found  in  formula  (?). 

Therefore,  (a,n) 

r 

(6)  Pr(Z  >0)  »  1  +  r 

B(m,n)  .s 


Special  Cases 


1.  It  is  clear  that  for  X  •  n,  r  ■  1  and  r/(l  +  r)  ■  l/2.  Hence 
all  of  the  proceeding  work  involving  X  ■  n  ■  1  holds  for 
■  4  /  1. 


2,  If  m  •  n  •  1  then  tor  X  *  p  a  l,  Pr(Z  >  0)  ■  1/2  and  in 
general  for  X  ■  p.  /  1  it  is  clear  from  the  above  that  this 
holds.  But  this  is  expected  since  in  the  case  m  ■  n,  both 
X  and  Y  are  negative  exponentially  distributed  and  for 
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A-;,  3,1|  Wcibull  distributed  Strength  (X)  and.  Weibull  distributed  Stress  (Y) 


The  Weibull  density  function  arises  often  in  reliability  studies 
(see  Section  6  of  this  report).  It  is  defined  by  the  formula 


f(x) 


X0  <  X  <  00  , 


b  is  ailed  the  slope,  9  is  the  characteristic  value  (characteristic  strength 
for  example)  and  x0  is  a  location  parameter  for  the  left  end  point  of  -he 
distribution.  Graphs  of  the  distribution  are  given  in  Section  6. 

Plotting  the  Weibull  on  ln-x  vs.  Inin  1  /  (1  -F(x))  paper  one  finds  the  dis¬ 
tribution  to  plot  as  a  straight  line,  (see  Section  6) 


For  purposes  of  interference  theory  the  Weibull  density  function 
is  rather  difficult  to  work  with.  The  probability  of  failure  can  not  be 
obtained  in  closed  form  as  we  have  been  able  to  do  in  the  case  of  the  nega¬ 
tive  exponential  densities.  Neither  is  the  integral  expressable,  except 
in  certain  cases  in  terms  of  well-known  and  tabulated  functions  as  is  true 
of  the  gamma  and  normal  densities.  Hence  we  derive  an  integral  expression 
for  the  probability  of  failure  when  X  and  Y  are  both  Weibull  distributed 
random  variables  in  this  section.  In  the  cases  for  which  the  resulting 
integral  is  well-known  we  give  the  results  for  future  use.  In  section 
A-4.1  we  will  discuss  numerical  evaluations  of  the  integral  used  to  ob¬ 
tain  the  tabulation  of  the  probability  of  failure  given  in  the  tables  in 
section  A-2.2. 


Pr(  Y  >  X) 
Pr(Y  >  x|X  -  x) 


Pr(Y  >  x  |  X  =  x)  Pr  (X  ■  x)  , 
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The  joint  probability  Pr(y  >x  x<X<x  +  dx)is  then  given  by 

.  4b„-i  -to r  -tor 


bx  I'x  -  Xp  l  x 


e*  9 


f§*l 


The  integral  of  this  expression  is  then  the  probability  of  failure  desired. 
Let 


bx  ^ 

"©T  e* 


;  u  +  xQ  =  x 


Pr(failure)  =  J' 


I  ®x  i/b  .  *o"  y© 
-u  — I  -i  u  '  x  +  ■  -V 


e  els' 

\  y 


In  table  A-2.2  we  choose  to  work  with  the  integral 
f“  e'“  e'(^)  V  (u  1/b*  +  ^)V  du, 


with  identifiers  for  the  table  taken  to  be: 


xo-  y0 


*o-  yQ  , 
Theta  1 
Theta  2 
Theta  1  * 


Three  special  cases  can  be  computed  in  terms  of  well-known  func¬ 
tions  using  integral  (l).  We  derive  these  here  for  use  in  checking  the 
tables  developed  in  section  A. 2. 2. 

Case  1.  bx  =  by  “  1. 

We  have  already  considered  this  case  for  x0  ■  y0  ■  0,  ©x/#y  ■  1> 
since  the  Weibull's  are  then  simply  identical  exponentials.  If  xQ  /  yQ  , 
one  has  from  (l)  that  the  probability  of  failure  is: 


«  ®x  /  xo“  yo  \ 

r  rr  u  +  — n - 1  du  , 

f  e‘u  e  [jy  I  IJ 


419 


This  integral  can  be  expressed  in  closed  form  as 

>0  1 


e  r  S1  | 

_ L, 


1+  4 

©A 


,  for  any  - 57- 


For  x0=  yQ  and  ©^  =  ©^  this  expression  gives  the  probability 
of  failure  as  l/2.  For  x0  ■  y0  ,  (@i)/©^  j  1  one  can  check  this  with 
the  results  given  in  section  A-3. 3.2. 

For  comparison  with  table  A -2. 2  we  use  the  equivalent  form 


_®x  |Xo-y0 


1  +  - 


Case  2.  bx  »  1,  by  ■  2. 


In  this  case  the  integral  to  be  evaluated,  is: 

2 


f  e"U  e 


^  q  ,  -  , 


x  "  y_ 
0  "  o 


<*y. 


To  evaluate  this  integral  we  will  expand  the  square  on  the  ex¬ 
ponent  to  give  the  integral  in  the  form 

1 00 


r 


e"  (au2  +  2bu  +  o)  du  , 


which  can  be  expressed  in  terms  of  the  error  function.  If  this  is  done 
one  finds  that 

im  1  V  2  _  _ 

_  _  _  *0  *0  | 

a  E  k. 


1  *  /x°"  y° 

*  b  *  2  ©j 


O' 

V 
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It  is  well  known  (formula  7.4.2  of  'Ref.^  15)  that  the  integral  (2)  can  be 
written  in  terms  of  the  error  function  as: 


Computer  subroutines  for  the  error  function  exist  and  thus  this 
expression  can  be  evaluated  easily  for  given  values  of  the  parameters  a, 
b,  c.  This  will  be  discussed  further  in  section  A-4.1.5. 

Case  B.  b^  «  2,  by  ■  1. 

This  case  can  be  developed  in  a  fashion  Bimilar  to  case  2.  The 
integral  to  be  evaluated  is: 


du  . 


This  con  be  expressed  as! 


.  fe»i  1*0  -  M  r* 

’  Wm  «j  /  J 


a» 

-r2  -  _£  t 
2re  ,®'  dr 


where  r  »  u.  From  this  one  expresses  this  integral  as 


-(at2+2bt+c) 

3  at 


where  a-  »  1,  b  ■  ©V®’  and  c  ■  0, 

x  y 

Thus  the  integral  can  be  expressed  in  terms  of  the  error  function  as  above 


I 


A-3, 3.5  Welbull  distributed  strength  (X)  and  Normally  distributed  stress  (Y). 


As  shown  in  Section  8  one  is  often  interested  in  the  case  in 
which  the  strength  has  a  Welbull  distribution  and  the  stress  is  nor¬ 
mally  distributed.  In  this  section  we  take 

b 


i  b-1  _  #x-x0| 

l  (^°)  *  \#,1  ,  *= 


-  (y-n ) 

2a2 


<  y  <  « 


In  this  case  the  probability  of  failure  cannot  be  evaluated  in 
closed  form  as  was  done  for  the  negative  exponential  cases  of  section 
A-3. 3.2  nor,  except  in  special  cases  can  the  integral  be  reduced  to  well- 
known  functions  as  was  done  in  section  A-3. 3. 3.  In  this  section  we  yill 
develop  the  integral  that  is  used  in  the  tables  given  in  section  A-2.1. 

Since  f(x)  is  truncated  at  x0  one  must  consider  2  cases. 

Case  1.  If  y  <  x0 

Pr(X  <  y  |  Y  -  y)  -  0  . 


Case  2.  If  y  >  x0 


ry  h  i x“xq  i 

Pr(X  <  y|Y  •  y)m  J-  9'  I  ®'  I  e 

X°  /x'xo|b 

■ 1  - e  \ 9  I  »xo<y<-* 


Hence  using  formula  (4)  section  A- 3. 2  one  has 


(y-u)2 


Pr(Y  >  X)  =  f  (l-e  ’IT!  I  — 
“  xn  “v2ito 


i—  e  2cr2  dy  , 


3.  r  “  , 

'jssJ.  e  a" 


.  (y-u): 
'  2^2 


2ad  dy. 


422 


The  first  integral  la  the  area  under  tne  upper  tail  of  tine  normal 
distribution.  This  area  is  usually  denoted  by: 


The  second  integral  is  troublesome  because  as  it  stands  it  contains 
five  parameters  which  must  be  considered  separately  for  computing  formulas. 
The  problem  can  be  reduced  in  size  by  the  change  of  variable 


y-xo  .  dy 
u  -  ,  du  “  ■ 

©'  o' 


Then  the  second  integral  becomes 


.  .  _«o  ij  l|©'  Vu| 

§U  e‘U  e“TU  +  ~)  du  . 


\  o'  Xq-II 

In  this  form  there  are  only  three  free  parameters,  b  ,  J  ,  and  — —  . 
Tables  in  section  A -3.1  have  been  built  using  these  three. parameters. 

Two  special  cases  serve  as  checks  for  the  numerical  analysis  used  later. 

If  b  ■  1  or 'd  the  integral  (l)  can  be  evaluated  in  terms  of  the 
error  function  whose  values  have  been  tabulated. 

Case  1:  b  ■  1  h 

For  b  ■  1  one  completes  the  square  on  the  exponent  inside  the 
integral  to  obtain  the  integral  in  the  form 

a)  '  ■  +  a t  +  «)  dt 


whose  value  in  termB  of  the  error  function  is  ell  known  (see  Ref.  15. 
Formula  7*^»2).  Here 


1  /C\s  .  1  ©'X0-m  ,  , 

a  m  M  I  m|  !  •  mjL  —1  +  T 

2  10 1  2  c  a 


l]>  -tfsf 


"  r 


Hence  the  probability  of  failure  can  be  expressed  in  terns  of:  (a)  the  area 
under  the  normal  curve  1  -  ;  (b)  the  error  funrMnn. .  Since  the 

urea  under  the  normal  curve  ctln  alio  be  expressed  in  terms  of  the  error  func¬ 
tion,  one  can  find  the  probability  of  failure  completely  from  a  computer 
routine  that  calculates  the  error  function.  In  checking  Table  A-2.1  numeri¬ 
cal  values  for  the  probability  of  failure  have  been  computed  from  this 
computer  subroutine.  A  further  discussion  of  the  checking  procedure. and 
results  are  given  in  A-4.1.7# 


Case  2:  b  ■  2 

Fbr  b  ■  2  j  one  can  once  again  determine  the  value  of  integral  (1) 
in  terms  of  the  error  function.  In  terms  of  the  parameters  a,  b,  c,  given 
in  formula  (2)  above  one  finds 


Again,  as  for  b  ■  1  above,  values  for  the  probability  of  failure  were 
determined  from  ths  computer  subrouting  giving  the  error  function  values. 
The  values  thus  determined  were  used  to  check  Tables  A-3.2,2, 

In  Table  A-2.1  we  choose  to  identify  the  necessary  parameters 
in  shorter  form  for  typographical  simplification.  Hence  vc  identify 


b  -  B(x)  , 


>Xb"K<r<  •<*'•  •  r  :  .  ‘ . 

;»«■"  >>  vt '  ■■■’  •: 

,WNf  •'•it  ,  u 


W  Vot  ■' 


:r,;  '•  ’s*?  ~  >  :• v:.;; 

■***■  .ji.I 


•  •.  ■».  '  y  1  • «» ;  ..  w  ,  <M< 


A-4  DISCUSSION  07  THE  EVALUATIOTI  OF  INTEGRALS  IN  A-3.3.4  AND  A-3.3.5 


A-'|  -1  tTJnSnlCiUi  ANALiSxS 

Both  of  the  integrals  obtained  in  sections  A-3*3*4  and  A-3«3»5 
must  be  evaluated  using  numerical  jnethods.  We  discuss  our  approacn  to 
this  problem  in  the  following  sections. 

A-4.1.1  The  Problem . 

The  integrals  to  toe  evaluated  in  A-3 • 3<4  are  of  the  form 

/'*e"uf(u)du  , 

Jo 

where  f (u)  is  a  negative  exponential  with  exponent  of  the  form  u^. 

\  ; 

The  integrals  to  be  evaluated  in  A- 3 • 3* 5 'are  of  the  form 

/•to 

•  e“u  f(u)du. 

* 

where  f(u)  is  a  negative  exponential  with  exponent  of  the  form  u2. 

A-4.1.2  Method  of  Solution 

Integrals  of  the  form  given  in  A-4, 1.1  can  toe  evaluated  In 
several  ways.  We  have  chosen  to  use  Bimpoon's  rule  with  variable  step 
sizes  as  discussed  in  sections  A-4 .1.4  and  (A-4.1.7  .  lhe  approximation 
to  the  integral  is  given  by 

(1)  ^  [f(x0)+4f(x1)+fif(x2).  ...+2f(xgn<ig)+4f(Xgni(i;L)+f(x2n)j 

with  a  remainder  tern  given  by: 

5 

(2)  |g*lv(ti)  J  *i  <  tj  <  x1+1. 

In  this  formulation  h  Is  defined  to  toe 


where  u  is  the  number  of  *■■+■'*««  taken  in  the  interval  (xj ,  xi+j_) . 

The  values  for  the  probability  of  failure  were  calculated 
using  Simpson's  rule  as  an  approximation  to  the  integral  given  in  A- 4-. 
1.1.  Simpson's  rule  was  computed  to  10"°  using  the  University  of 
Michigan  IBM  7090  and  the  MAD  language.  Values  thus  obtained  were 
rounded  to  10“^  as  they  appear  in  the  table. 


The  functions  to  be  evaluated  are  reasonably  veil  behaved. 

Tab leu  of  a  few  of  the  integrands  are  piven  in  Tables  A-A.l  — 

A-4.6  on  the  following  pages.  It  is  clear  that  the  functions  are 
monotone  decreasing.  They  are  probabilities  and  hence  are  bounded  above 
by  1  and  below  by  0.  The  functions  themselves  decay  quite  rapidly. 

Unfortunately,  derivatives  of  the  function  for  any  value  of 
bx  in  those  integrals  given  in  section  A- 3. 3*^  are  asymtot ically  infi¬ 
nite.  at  u  -*  0,  Derivatives  up  to  order  4  of  the  functions  for  non¬ 
integral  b  <  4  are  asymptotically  »  for  u  **•  0  for  those  integrals  given 
in  section  A-3-3-5  Because  of  this  property  of  the  higher  order  de¬ 
rivatives,  it  was  deemed  best  not  to  use  numerical  approximations  such 
as  Qauss  -  L&guerre  or  Gauss  -  Legendre  methods  vhoae  error  terms  depend 
only  on  higher  order  derivatives.  XnsteeGT  Simpson's  rule  was  chosen  so 
that  some  attempt  could  be  made  to  control  errors  by  varying  the  step 
si7es  as  the  higher  order  derivatives  become  large. 


A-4 .1 .4  Error  Analysis  -  Welbull-  Welbull  Case 


Since  the  remainder  term  of  Simpson's  rule  depends  on  the 
fourth  derivative  of  the  integrand,  this  derivative  was  determined.  An 
analytic  expression  is  given  by  the  following.  We  are  interested  In 
the  case: 


1.  by  ^  l,2,.  .,10) 

2 .  bx  ■  1, 2, • • • 10 | 

3.  2 0,. 25,.  50,.  75, 1.00; 

®x 

4.  &  m  1,1.25, 1.50, *• »3» 

y 
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\ 

ftiraneters!  B1  »  1,  B2  -  1 

Theta.  1-1,  Thata  ?.  m  1,  Xo-Yo  -  o 


u 

F(u) 

Fiv(u) 

lxlO"20 

1. 

16. 

*  m 

»3 

.367879 

5.89607 

1. 

.135335  „ 

2.16536 

1.5 

4.97871x10“2 

.796593 

2. 

l. 83156x10 “2  • 

.29305 

2.5 

6.73795x10-3 

.107807 

3. 

2.47875xl0"~ 

.03966 

3.5 

9.11882x107 

1.45901x10”® 

4. 

3.35463x107 

5.3674x10-3 

4.5 

1.234lxlO"4 

1.97456x10-3 

5. 

4.53999x10-5 

7.26399x107 

5.5 

1.67017x10-5 

2.67227x10-4 

6.0 

6.14421x107 

9.83074x10-5 

6.5 

2.26033X10"6 

3.6l653xlO”5 

7. 

8.31529x10"^ 

1.33045x10-5 

7.5 

3.05902x10-7 

4, 89444x10 “6 

Table  A-4.1  Integrands  and  Their  4t,h  Derivative 
for  Weibull-Weibull  Case  \ 
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Parameters: 

B1  -  10, B2  -  1 
Theta  1*1,  Theta 

2-1,  Xo-Yo  -  1 

u 

F(u) 

Fiv(u) 

1*10"20 

.364219 

>  J*1076 

.1 

.150419 

7.84551x10® 

.5 

8. 77702x10 "2 

1.63429 

1. 

4.97071*10"® 

,168733 

1.5 

2.89733x10“® 

5.58241x10“® 

2. 

1.70471x10-2 

2. 59855x10 “® 

2.5 

1.00925x10"® 

1. 36768x10 “2 

3. 

5. 99924x10 ' 

7. 59447*10 “3 

3.5 

3,576l7xlO"| 

4. 33376x10 "8 

4. 

2.13626x10 

2. 51207x10 "3 

4.5 

1.278l9xlO"f 

1.47049x10-3 

5. 

7.65778*107 

8.66458x107 

5.5 

4.59272x107 

2. 75691*10 

5.12927X10*4 

6.  . 

3.04688xlo7 

6.5 

1. 65615x1 Q~k 

1.81464x107 

7. 

9.95537x10“5 

1.08298x10"^ 

7.5 

5.98766x10"3 

6.47386xlo“5 

Tatle  A-4 .2  Integrands  and  Their  4th  Derivative 
for  Welbull-Weibull  Case 


i 

5 


Ihrameters:  B1  «  10, B2  *  1 

Theta  1  ■  1,  Theta  2*1,  Xo-Yo  ■  0 

u  F(u)  .  Fiv(u) 

IxlO"20  .  .99005  >  2.9xl076 

.1  .  .408882  '  2132.63 

.5  .  238584  x  '  4,44245 

1.  .135335  0  >588 

1.5  7.87577x10"^  .151746 

2.  4^63389x10-2  7.06358x10-2 

2.5  /  2.74344x10“2  3 .71774x10 "2 

3.  I..63076XIO"2  2. 06439x10 "2 

•  ^5  9.72105x10-3  1.17804x10-2 

4.  5. 80696x10 "3  6. 82852x10 

4.5  3.47449x10-3  3. 99719x10 "3 

5.  2.0816x10-3  2.35528x10-3 

5.5  1.24843xl0"3  1,39428x10 "3 

6.  7.49405x107  8.28227x10-^ 

6.5  4.50188x107  4.93273x107 

7.  2.70615x107  2.94384x107 

7.5  1. 62762x10 1.75978xl0-4 


Table  A-4.3  Integrands  and  Their  4th  Derivative 
for  Weibull-Weibull  Case 
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I&rameters i  B  ■  1,  fl'  «•  100,  h-ZJL  - 
Cf  Cf 


u 

F(u) 

J*fu)  ■ 

lxio"25 

3. 35463x10 

5.39857x10; 

.05 

.57695 

-1,20005x10 

.1 

1.378o?xlO"a 

1503.39 

.15 

4.5713xlO"27 

6 . 3861x10“' 

.2 

0 

•  0 

Table  A-4.4  Integrands  and  Their  4th  Derivative 
for  Weibull-Normal  Case 

l 


/ 


Parameters!  B  ©'  ■  10,  Xo-fci  “  “7 
■v  a  *  ff 


F(u) 


Plv(u) 


1.45 

1.5 
1.55 

1.6 
1.65 

1.7 
1.75 

1.8 
1.85 
1.9 


1.43133x10”^ 

2.82576xl0”15 

4.34466xlO"l7 

5.20239x10”19 

4.^151xl0“21 

3.52352xlO"23 

1.99296x10-25 

8. 7792x10 “2B 
3. 01185x10 "3° 
0 


4. 28349x10 "6 
1. loSoixlo-7 
2. 18507x10 "9 
3.31061X10"}1 
3.8538xl0"13 
3. 45 198x10":"' 
2.38233XIO"1' 
1.268llxl0"19 
5.21112X10"22 
0 


Table  A-4. 5  Integrands  and  Their  4th  Derivative 
for  Weibull-Normal  C&Be  (continued). 
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Parameters:  B  ■  1,  ©'  ■  10,  XQ-  n  =  -10 


u 

F(u) 

Flv(u) 

lxlO"25 

1. 92875x10 “22 

1. 73991xlO-llt 

.05 

2. 40296x10 “2° 

1.74943x10-12 

.1 

2.33155X10-1® 

1.35275xlO“10 

.15 

1.76l84xlO"1& 

8.03111x10-9 

.2 

1.03685x10-^ 

3.65341x10"? 

.25 

4.75219xlO-13 

1. 27031x10*5 

•3. 

1.69628x10-11 

3.3655x10-^ 

.35 

4. 71548x10" 10 
1.0209x10“® 

6.76653x10*3 

.4 

. 102689 

.45 

1.72133x10-7 

I.I6765 

.5 

2.26033x10-° 

9.84193 

.55 

2.31157X10“5 

60.482 

.6 

1.84106X10"4 

263.426 

.65 

1.14 197x10 “3 

768.245 

.7 

5.5l656xlO“3 

1283.6 

.75 

2, 07543x10 “2 

335.722 

.8 

6. 08101x10 “2 

3422.33 

.85 

. 138761 

-6824.84 

.9 

.246597 

-2968. 78 

.95 

.341298 

7049.85  • 

1. 

.367879' 

IO816. 

1.05 

.308819 

2994.31 

1.1 

.201897 

-5644.82 

1.15 

.102797  . 

-5968.8 

1.2 

4.07622x10“^ 

-1635.34 

1.25 

1.2588lxl0“2 

1024.41 

1.3 

3.02756x10“3 

1141.  r- 

1.35 

5. 67086x10 

1.4 

8. 272 14x10 "5 

152. 605- 

1.45 

9.39813x10“® 

30.4298 

1.5 

8. 31529x10“ J  . 
5.72981x10“° 

4.35272 

1.55 

.•♦57404 

Table  A-4.6 

Integrands  and  Their  4th  Derivative 
for  Weibull-Norraal  Case 
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Rarameters:  B  «  1, 


u 


1.6 

I.65 

1.7 
1.75 

1.8 
1.85 
1.9 
1.95 
2. 

2.05 

2.1 
2.15 

2.2 


O'  ■  10,  Xft  -  H.  -  -10 

jy  0 


p(tt) 

3,07488x10"^ 
1.28512x10"^ 
4. 18297x10" 

1.06036x10"*'^ 
2.09338xl0‘15 
3.21861x10-17 
3.85403x10"^ 
3.59409x10-  _ 
2. 61029x10 “23 
1.47644x10"^ 
6. 5038x10 “2a 
2.23124x10-30 
0 


Flv(u)  ' 

3. 58016x10 "2 
2. io646xlO"3 

9,3770lxl0"5 

3. 17329x10-6 
8. 1935x10”". 
1.61074X1O"9 
2. 45256x10" 
2.85496xlO"13 
2.55729x10"^ 
1.76487X10-17 
9. 39437x10-2° 
3.8605x10-22 
0 


Tabl*  A»4.  Integrande  and  Their  4th  Derivative 
for  We  lfcull -normal  Ca*e  (continued) 


F  (uj  •  <tfu)h(u)  +  q(u)h'(u)  *  -F(u)  -F(u)[w] 

where  *  - 

8pect'to^u<len0teS*  a>  **  UBUal#  the  firflt  derivative  of  F(u)  vlth 


F”(u) 


F'(u)[l  +  v]  -  F(u)  [V  ] 


»'  ■  Wl)(<.)V2&)S(l)S(u(^'1,)2 


tf  x  /  T  I 

b  -1  O'  (*“'2) 

+  VWy  <#<£>(£-»<«  >. 


F"'(u) 


I  -  -  F"(u)[l+v]  -  2F‘  (u)  [v'  ]  -  F(u)[v"] 

\“3  V  7  3 

-  by(by.l)(by.a,(a)  (^)J(f)3(u  x  )3 

y  sc 


y  x  *oc 

'*  \M  *  (r)^)(£-i)(£-a)'(uS‘  3>. 


TiV(u)  ■  -  P"'(u)U+w]  -  3F''(u)lw']  -  3P'(u)[w' ']  -  P(u)tw"  '  ] 

(±-l) 

where  w'“  -  b  (b  -l)(b  -2)(b  -3)(e)  *  (sr)  (ip  fa  ) 

y  /  y  y  *y  ox 


b  -3  9'  a  i  a  i  (tr~2)  (r^1)  P 

y  5)s(Mk(.^  )(uS7  f 


+  3by(by-X) (by-2)(o )  #  <s£>  <£)  (^-Dfa  )(u 

bv-3  0*  ,  .  ,  - 

+  3(by)(by-l){by-SXo)  y  (g^)3(^)3(i-l)(u  x  ) 
b„-2  Q*  A  ,  A  .  _  ^£i 

+  3by(by-l)(o)  y  (gp)  (^—)  (g-«l)  (g— 3)(u  ) 

y  X  X  X 

v  «  A* 

+  by(by-l)to)  y  <jy)8(^)2(B~l)(^-*)fa  *  ) 

by-i  ®l  , ,  .  ,  ,  ^r“u) 

+  V‘>  ^^)(^X)(^2)(^3)(u  *  ). 

y  * 


Full  exploration  of  this  derivative  appeara  to  be  unreason¬ 
able,  One  would  hope  that  maximum  values  could  be  obtained  as  functions 
of  the  parameters  so  that  step  sites  appropriate  to  minimise  the  error 
tern  could  be  determined.  Such  appears  to  be  hopeless  from  the  form 
of  the  derivative.  Xasteadi  tables  of  the  fourth  derivative  were  ob¬ 
tained  in  an  attempt  to  find  where  the  derivative  took  maximum  values, 
how  large  these  maxima  were  and  how  they  behaved  with  respect  to  the 
four  parameters  of  interest.  Sons  examples  of  thesa  tables  are  givsn 
In  Tables  A-4.1,  A-4.2,  a-4.3.  .  Rom  examination  of  the  deriv¬ 

ative  and  it's  value  at  sens  points,  it  seems  clear  that  for  b*  /  1,  the 
fourth  derivative  approaches  infinity  for  u  -» 0,  bx  •  1  was  considered 
along  with  the  other  bx  values  and  not  treated  separately.  by  non- 
integer  and  less  than  4  causes  the  derivative  to  become  infinite  for 
u  -*  0  if  (Xp-y0)/9 '  ■  0.  In  either  event,  it  appears  from  the  plots 
of  the  fourtn  derivative  that  it  rapidly  approaches  sero  for  u  >  0.  It 
was  therefore  decided  to  evaluate  the  integral  over  5  distinct  intervals, 
(0, .01),  (.01,1),  (1,5),  (5,10),  (10,..). 

For  the  Interval  (0,.0lX  it  did  not  appear  feasible  to  make 
a  full  exploration  of  the  fourth  derivative  to  determine  the  optimum 


step  size,  instead  the  value  of  the  Integral  was  found  using  Simpson's 
rule  with  50  and  500  steps  within  the  Interval  (0, .01).  The  integrals 
did  not  differ  by  more  than  10’°.  Hence  It  was  decided  that  In  the 
Interval  (0, .01)  one  should  take  n  »  50. 

Values  of  n  were  determined  for  the  Intervals  (.01,1)1  (If?), 
(5,10)  by  looking  at  the  maximum  values  of  the  fourth  derivatives,  as 
computed,  in  each  of  these  Intervals,  from  these  observations,  n  wae 
taken  so  that  the  maximum  remainder  In  the  Interval  was  Isas  than  10 "6. 
The  values  of  n  used  within  these  intervals  were 

interval  n 

(.01.1)  50 

1,5)  20 

(5,10)  10 

The  Interval  (10,»)  was  eventually  eliminated  as  being 
"practically  0"  based  on  the  following: 


Consider 


g(u)  ■  (au*  +  ah)y  +  u 


a>l#  u  >  1,  o<c<l,  ,1<x<1,  1  <  y  <  10. 

For  x  ■  1  and  any  combination  of  the  other  parameter! : 
g(u)  -  (au  +  ac)y  +  u  -  ayuy  +  ya7*1^"1*. u. 


g(u)  >  ayu  +  u 


u(ay  +  1) 


since  over  the  values  of  u,  y  considered  uy  >  u  with  equality  occurring 
when  y  ■  1.  Consequently  “ 


-  g(u)  <  -  u(a*  +  1)  <  -  2u 

-«(u)  -u(ay+l)  ^  -2u 

9  s  o  v  6 

^e’«<u)du  <  ^e^du  <  l/2e“®°  Mix  10*9. 


^  ^  > 


• '  v.  .■  V.7VT  V-*  ■ 

■  Z "  •  ■  ■■  ' ■  --h % 

■  l:.v  ,:i;. 


I 


lit  a  similar  way-  it  can  be  shown  that  for  .  1  <  x  <  1,  but 
with  xy  >  1  then  the  value  of  the  integral  for  the  interval  (10,*)  is 
less  than  1  x  10 “9.  for  suppose  .1  <  x  <  1  and  xy  >  1.  Then 

g(u)  ■  (aux  +  ac)y  +  u 

■  (au*)^  +  y(auX)y  ^(ac)^  +....+  u 

>  ayv\*^  +  u  >  ayu  +  u  >  2u 

since  a  >  1.  Then  as  before 

/.-«<u>du  <  / e'2udu  %  lx  10-9. 

•'lO  “  *T-0 

Hence  for  xy>  1  and  .1  <  x  <  1  the  contribution  that  the  tail  of  the 
function  nases  to  the  integral  is  no  bigger  than  10"°. 

For  xy  <  1,  the  above  analysis  Is  no  longer  valid  since 
u*y  <  u.  However, 

g(u)  >  ay10xy  +  u 


since 

Al 

3, 

a 

/  *>y 

(au  )'  +  u 

>  ay 10^  +  u,  for  u  > 

Also 

10** 

>  10*1  - 

1.258,  for  xy  >  .1. 

Hence 

S(u) 

>  1.2580^  +  u 

and 

.  *  i(«) 

<  -  (l.258ay  +  u) 

s-«(u) 

<  e-(1.258s V  +  u) 

j|T.a-«(u)du  <  1.258ay+u)  „  e-1.258*y+10i 


■  Wr-r~  . .  "  ”~ 


■  -.-t 


Since 


a  >  X, 


s-1.258ay +10  <  c -11. 258  n  lx 


Hence  if  one  identifies  a  a  (S'x)/(®'y)>  0  a  (*0^0)/  (®'x)> 

x  •  l/(bx)  and  y  «  b„  one  sees  that  no  matter  vnat  the  values  of 
(xo-yo)/5'x  >  0>  bJb*  >  •*»  ®'x/®'y  >  1  W  >  1  the  truncation 
error  obtain*!  by  not  including  the  integral  in  the-interval  (10,®), 
is  at  moat  approximately  1  x  10*5.  In  fact  one  finds  easily  that  only 
one  tabular  value  will  have  this  much  truncation  error,  and  that  will 
be  the  special  case  8'x/®'y  ■  1  (the  strength  and  stress  distributions 
have  the  sane  characteristic  values),  by/bx  ■  .1  (the  slope  parameter 
of  the  strength  distribution  is  10  times  the  slope  of  the  stress  dis¬ 
tribution)  and  the  two  distributions  have  the  same  xp  points.  For  the 
values  of  by  and  bx  used  in  the  tables,  this  set  of  conditions  requires 
that  the  stress  distribution  be  exponential  (i.e.by  -  1).  One  expects 
this  case  to  arise  seldom  enough  to  Justify  this  moderate  error.  Conse¬ 
quently  ve  truncate  the  Integral  at  u  a  10  in  all  cases  considered, 


A-4.1.5  Conclusions  Concerning  Errors 

In  summary  then  the  Integral  evaluated  was 


®k/  ^  *o~yos  iby 
,-Vi-ap  *  -5T»  m. 


with  parameters  taken  as 

.  0,, 25,. 50, .75,1} 

■  1  f  2  $  •  ♦  •  10  j 


^  •  l^S|#selO| 

0* 

-  1.00,  1.25,  1.50,  1.75*  2.00,. ..3. 

Tbs  maximum  truncation- error  (the  error  caused  by  not  including  the 
value  of  the  Integral  in  (10,®)),  is  10*5  which  occurs  for  one  tabular 
value.  Itor  most  of  the  table, the  truncation  error  is  1  x  IQ-6  or  less, 
and  for  by/b~  >  .1, it  is  as  small  as  1  x  10 “9.  The  error  of  approxima¬ 
tion  using  Simpson's  rule  was  not  determined  precisely.  Using  the 
number  of  steps  given  on  page  5,  it  appears  that  the  maximum  error 
of  this  type  dost  not  exossd,  1  x  10*®,  This  conjecture  was  tested 
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4 

1 


1 


once  more  by  comparing  the  results  obtained  for  b  ■  b  -  1,  bx  «  2, 
by  ■  1,  bx  ■  1,  b„  a  2  as  discussed  in  Section  A-3.J.4.  Tables  A-4.7 
and  A-4.8  show  the  computed  values  of  formula  '4  'in  Section 
A-3*3*4  and  formula  5  in  Section  A- 3. 3. 4.  These  tabulated  values 
can  be  compared  to  those  given  in  Tables  A-2.2.  for  the  corresponding 
parameters.  In  no  case  was  the  disagreement  found  to  exceed  1  x  10“°. 
Hence  the  conjecture  is  valid  in  those  cases  where  it  can  be  tested. 

We  conclude  on  the  basis  of  this  verification  that  the  tables 
are  correct  to  1  x  10 "4  after  rounding. 

A-4,1.6  A  Note  on  Interpolation 

One  notes  that  the  tabulated  values  are  highly  non-linear  in 
general.  Simple  linear  interpolation  can  produce  errors  of  the  order 
of  10“®.  Hence  higher  order  interpolation  formulas  should  be  used  for 
more  accuracy. 


A-4.1,7  Error  Analysis  -  Wslbull  -  Normal  Case 

Since  the  remainder  term  of  Simpson' b  rule  depends  on  the 
fourth  derivative  of  the  integrand,  this  derivative  was  determined. 

An  analytic  expression  for  it  is  given  by  the  following.  We  are  inter¬ 
ested  In 


Let 


(1)  b  -  1,2,... 10; 

-  ’  '  (2.)  I'  >  10} 

(3)  -10  <  ‘  22JH  <  3. 


P*  (u)  -  g'  (u)h(u)  +  g(u)h'  (u) 

■  -  F(u)[w] 


t 
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Xn-Yr. 

Theta  1 

.00  .25  .50  .75  1.00 

1.00  .545641  .42204,2  .295115  .185734  .104844 

1.25  .475575  .335056  .201889  .103137  .044382 

1.50  .420811  .268297  .136622  .054750  .017089 

1.75  .377041  .216191  .091224  .027694  .005960 

2.00  .341350  .174942  .059959  .013309  .001875 

2.25  .311735  .141924  .038716  .006060  .000530 

2.50  .286789  .115273  .024517  .002609  .000134 

2.75  .265503  .093633  .015205  .001060  .000030 

3.00  .247133  .075991  .009225  .000406  .000006 


Table  A-4.7  Numerical  Values  of  Formula  4 
of  Section  A- 3- 3. 4 


\ 


B1  =  2,  B2  =  1 


Xn-Y, 


Theta  1 


Theta  1 
Theta  2 


.00  .25 

l.oo  .1*51*358  .353855 

1.25  ..383170  .280333 

1.50  .326107  .224130 

1.75  .279900  .180717 

2.00'  .21+2128  .146858 

2.25  .210974  .120209 

2.50  .185063  .099057 

2.75  .163345  .082135 
3.00  .145007  .068496 


.50  .75  :  00 

.275582  .214623  .167149 
.  205096  . 15005 1  . 109780 

.154042  .IO587I  .072764 
.116680  .075334  .048639 
.089073  .054026  .032768 
.068493  .039026  .022236 
.053021  .028380  .015190 
. 04 1300  . 020767  . 010442 
.032355  .015283  .007219 


Table  A-4.8  Numerical  Values  of  Formula 
of  Section  A- 3* 3 *4 
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o' 

-  s 
o 


+  b(uk 


1  \ 
-x.) 


where 


where 

Fiv(u) 


where 


F"  (u)  =  -  F’(u)(v)  -  F(u)  (v*  ) 

V  =  (J)2  +b(b-l)(ub-2)  . 

F"  (u)(v)  -  2F'  (u)(w'-)  -  F(u)(w") 
v"  =  b(b-l)(b-2)(ub~3)  . 

■  -  F"'(u)(v)  -  3F"(u)(w')  -  3F'(u)(w")  -  F(u)(w"') 

v1"  =  b(b-l)(b-2)(b-3)(ub“4)  . 


One  can  Bee  some  behavior  of  the  fourth  derivative  from  this 
expression.  First;  if  b  is  non-integer  and  b  <  4  the  fourth  derivative 
becomes  infinite  at  zero  as  before.  However,  this  is  not  true  for  all  b 
(as  it  was  fo.'  all  bx  in  the  previous  case),  for  if  b  is  an  integer,  or  if 
b  >  ub“4  -*0  for  u  _*0  except  for  b  *  k  in  which  caBe  ub“^  ■  1  for 

all  u.  If  the  fourth  derivative  is  not  infinite  at  the  origin,  then  the 
maximum  error  occurs  away  from  the  origin  and  is  of  the  order  of  (©’/a)4 
for  b  >  4  and  is  less  than  this  for  b  integer  end  <  4.  Since  Q'/a  can 
be  as  large  as  100,  the  maximum  error  is  of  the  order  of  10°,  The 
difficulty  in  using  these  facts  lies  in  finding  where  this  maximum 
occurs.  In  the  neighborhood  of  the  maximum  steps  of  size  10“3  will 
give  maximum  errors  due  to  approximation  on  the  order  of  10 ”9. 

To  .locate  approximately  where  the  maximum  occurs,  the  fourth 
derivative  was  computed  for  selected  values  of  u,  and  several  values  of 
the  parameters.  Examples  of  these  calculations  are  given  in  tables 
A-4.4  -  A-4.6  .  One  notes  from  these  plots  that  for  (x0-u)/V>0, 

the  maximum  occurs  near  the  origin  and  the  derivative  falls  off  rapidly 
to  zero.  For  (x0-|a)/cr  <  0,  such  is  not  the  case,  and  the  u  value  at 
which  the  maximum  occurs  depends  on  the  parameters.  In  all  cases  in 
which  -10.  <  (x0-|c)/c  <  0,  the  maximum  occurs  between  .2  and  l.u. 

However,  this"  range  is  too  large  to  take  steps  of  size  10 "3  along, and 
an  approximation  is  needed  to  more  precisely  locate  the  u's  at  which 
the  maximum  occurs  as  a  function  of  the  parameters .  This  will  be  dis¬ 
cussed  in  detail  later  in  this  section. 
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For  {x0-|i)/o  >  0,  the  interval  (0,.l)  was  explored  with  50  ,  500 
stepB  and  the  integrals  were  found  to  agree  to  10"°.  Hence  50  steps 
were  taken  in  this  interval  for  this  case.  She  number  of  steps  in  the 
intervals  (0.1,1)',  (1,5)  were  chosen  to  make  the  error  term  no  larger 
than  10-6.  The  number  of  steps  used  then  were: 


Interval 

(.1,1) 

(1,5) 


25 

10 


The  interval  (5,»)  was  not  computed  for  (x0-|i)/c  >  0  since 
it  is  "practically  0"  as  iB  shown  in  the  following. 


For 


u  >  1, 

b  >  1, 

X  -11  Ql 

°  >  0  and  —  >  10 

0  0  -  ' 

e(u) 

e  U^  + 

(f  +  ^)2  >  u  +  (|)2U 

Hence 

and 

Hence 


- .  -  .♦  5?>*  s  -  tu  ♦  $*») 

.u  .  t(S?)s+l]u  . 


e  e 


<  e 


A 

•'R 


’5  " 


Thus,  even  if  8 '/a  is  as  small  gs  2,  which  it  is  not,  the  area  from  (5,») 
contributes  less  than  1  x  10-5  to  the  total  area. 

In  any  event  (whether  — —  >  0  or  not) 

0 

1$  *  >  (|<5)  t  ^)2  for  u  >  5  • 


Since  we  only'  consider  cases  in  which  2.  >  10  and  -2— -  >  -10, 

c  -  a  ~ 

a*  X  -u  2 

(§0)  +  -V-)  >  10  . 

a  a  ~ 

Consequently  /*"  .  . 

J  e“g^u^du  <  e-20  *  2  x  10 "5. 
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Thus  the  function  error  in  any  case  is  less  than  2  x  10"9.  Of 
course  it  is  much  less  than  this.  However,  one  sees  that  it!'iB  negli¬ 
gible. 

For  (x0-|i)/ 0  <  0,  the  function  in  question  is  no  longer  a 
monotone  decreasing  exponential  due  to  the  exp.l-l/fe^/cCuJ+tXo-pJ/o]2} 
term.  Instead  it  has  the  properties  of  Tables  A-U.4  -  A-k.6  and 
the  maximum  point  Y  can  be  seen  to  shift  as  the  parameters  change. 

For  (xo-|i)/c  <  1,  the  fourth  derivative  has  large  values  (as 
large  as  10°)  at  some  point  u  >  0.  Precisely  where  that  point  u  is  and 
how  large  the  neighborhood  in  which  the  fourth  derivative  remains  largely 
depends  on  all  the  parameters. 

By  evaluating  the  fourth  derivative  for  several  values  of  the 
parameter,  it  was  found  that  for  fixed  b  one  had  two  bounding  functions 
for  adjacent  setting  of  the  parameters.  These  bounding  functions  in¬ 
tersect  at  some  value  u*.  for  u  <  u#,  f,(u)  >  f|v(u)  while  for  u  >  u#, 
rT(u)  <  f|v(u)  where  f*v  and  f£v  depend  on  the^parameters  (x0-p)/a 
and  e'/ov  It  was  found  for 


1  u 

1.  — — ■  ■ 

a 

X 

1 

X  B 

1,2... 10 

o' 

oT  “ 

10(1*1), 

1  V 

1,2... 10 

2.  *2ji  . 

-  (x+l), 

X  m 

1,2... 10 

Q1 

a 

101  , 

1  m 

1,2... 10 

(u)  ■  f^v  (u)  with  parameter  set  1 
(u)  *  f*v  (u)  with  parameter  set  2 


then  for  some  u  a  u# 

f^v  (u)  >  fgV  (u),  u  <  u*, 

fJV  (u)  >  f*V  (u),  u  >  u*. 


* 
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vale 


Furthermore,  "or  any  betting  of  the  parameters  In  the  lnter- 


[(-  (*  +  1)>  -  x)  ;  (i,i  +  1)] 


the  fourth  derivative  for  these  parameters  were  dominated  by  either 
(u)  or  f  (u).  Hence  fcr  all  u  <  u*  any  setting  of  the  parameters 
in  the  interval  above,  flv  (u)  was  largest  while  for  all  u  >  u*  and 
any  setting  of  the  parameters  in  the  interval  above  f|v  (u)  was  largest. 

First,  it  was  decided  to  evaluate  the  Integral  for 
-10  <  (x0-u)/o  <  1  over  from  subintervals,  C  <  u  <  xx,  xx  <  u  <  x_, 

Xq  <"u  <  x,,  Xo  <  u  <  10,  This  was  done  to  reduce  as  much~as  possible 
trasize  or  the  Interval  over  which  many  steps  had  to  be  taken. 

.  x  was  taken  to  be  that  u  such  that  f*v  (u)  <  lxlo3  for  u  <  xx 
and  fx  (ujS  1x103  for  u  «  xx  +  .05,  1 

Xp  was  taken  to  be  that  u  such  that  f£v  (u)  >  l3"103  for 
*1  <  u  <  *2  while  f|v  (u)  <  1x103  for  u  ■  Xg  +  .05. 

Xo  was  taken  to  be  that  a  such  that  f|v  (u)  >  1x10 “9  for 
x2  <  u  <  xy while  fgv  (u)  <  1x10 “9  for  u  -  X3  +  .05. 

Since  b  ■  1  gave  the  maximum  length  of  the  Intervals  over 
which  the  error  of  approximation  remained  relatively  large,  the  xx,  Xg, 
Xj  were  chosen  for  that  b  and  used  for  all  bi> 

It  was  found  that  xx  <  .3,  Xg  <  1.1  and  for  fiv(u)  -»lo9,  the 
interval  Xg  -  xx  became  small.  Hence,  In  the.  interval  (0,xx)  5  steps 
were  taken,  in  [xx,  xg),  50  steps  were  taken  and  in  each  of  (xg,  x?) 
and  (x,,  10),  5  steps  were  taken.  For  all  ef  the  values  of  the  para- 
metersJstudied,  these  Intervals  and  Bteps  gave 

5-  fiv  (u)  <  xq-6. 


Hence,  in  all  cases,  the  errors  of  approximation  were  less  than 
1  x  10~6,and  consequently^ the  maximum  error  of  approximation  is  less 
than  10“5. 


To  check  the  logic  used  in  attempting  to  reduce  the  errors  of 
truncation  and  approximation,  the  formulas  2  and  3  of  section 
A- 3 • 3 • 5  were  computed  using  the  error  function  subroutine  available  on 
the  University  of  Michigan  7090.  These  seme  integrals  were  evaluated 


using  Simpson's  rule  vith  the  intervals  discussed  above.  Comparisons 
c-aii  be  tueule  iruui  Tables  a-4  .9-A-i.lO  roxiovln^  vith  those  of  sectioh 
A-2.1  for  Borne  selected  values! of  the  parameters.  In  no  case  do  fche 


A-4 .9-A-i.lO  following  v 
A-2.1  for  Borne  selected  volues\of  the  paramet 
failure  probabilities  differ  by  nore  than  10 

A-4. 1.6  Conclusions  Concerning  Errors. 

In  summary  the  integral  evaluated  was 


y^-ube-(Vi+ 


x 

-2— )2 
d  }  du 


with  the  parameters  taken  as 


b  o  1,21. ..10; 

2-  .  10, 15, 20,2*6,...  100, 

■  1,1.2,] . 4, ... 3  Ld  -10,-%...  . 


The  maximum  truncatiou  error  is  leas  than  10"^  for  all  values 
of  the  parameters.  «\ 

The  maximum  approximation  errors  arm  less  than  10 “6  using  the 
steps  noted  in  A-4, 1.7.  \ 

The  values  of  the  integrals  using  Simmon's  rule  differs 
from  the  values  obtained  using  the  error  function  formula  of  section 
A-3.3.5  by  no  more  than  1x10"®.  \ 

Since  the  tabular  values  in  Table  A-2.l\  have  been  found  by 
rounding  off  the  computed  values,  the  tabulation  are  correct  to 
+  5  x  10"5.  \ 

A-4. 1,9  A  Note  on  Interpolation 


One  notes  that  the  tabulated  values  are  non-linear.  Simple 
linrar  interpolation  can  Introduce  significant  errors  (errors  greater 
than  10"**).  Hence  higher  order  interpolation  formulas  should  be  used 
for  more  accuracy. 
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B  .  1 


'  ^  xo  “  ^ 

\  0 

\  -10  -5-11  2  3 

Vlo  .63028  .39043  .09935  .00797  .00082  .00004 

20  .39271  .22023  .05184  .00407  .00042  .00002 

3P  .28307  .15305  .03507  .00274  .00028  .00001 

4q  .22096  ,11723  .02649  .00206  .00021  .00001 

§■  5<^  .lBUl  ,09498  .02129  .00165  .00017  .00001 

60  .15340  .07983  .01779  .00138  .00014  .00001 

70  .■'.3303  .06884  ,01528  .00118  .  00012  .00001 

80  .11743  .06051  .01339  .00104  .00011  .00000 

90  .10511  ,05398  .01192  .00092  .00009  .00000 

100  .09512  .04872  .01074  .00083  .00008  ,00000 


Table  A-4.9  Numerical  Values  of  3'eraula  2 
of  Section  A-3-3-5 
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-1 


fo.s.11 

0 

-10  -5 


10  .62953 
20  .22217 
30  .10593 
0.  40  ,06ll0 
”  50  .03956 

6o  .02765 
70  .02039 
80  .01565 
90  .01239 
100  .01005 


.22508  .01877 
.06264  .00476 
.02841  .00213 
.01610  .00120 
.01034  .00077 
.00719  .00053 
.00529  .OOO39 
.00405  .00030 
.00320  .00024 
.00260  .00019 


Table  A-4.10  Numerical  Values  of  Formula 
Using  Parameters  (liven  by  Formula  3 
of  Section  A- 3. 3. 5 
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study  addressed  Itself  to  the  development  of  a  practical  engineering 
tool  based  on  the  Stress-Strength  Interference  Theory  to  be  used  for  designing 
and  quantitatively’  predicting  the  reliability  of  mechanical  parts  subjected  to 
mechanical  loading. 

Fatigue  data  mi  gathered  for  various  ferrous  materials,  heat  treatments, 
surface  conditions,  etc.  end  was  converted  to  strength  data  to  obtain  the  scatter 
of  strength  at  a  given  life.  The  Weibull  distribution  best  fit  the  data  and  was 
found  to  be  the  most  effective  aeens  of  representing  the  strength  distribution  in 
tnt  Interference  Theory.  For  each  material  parameter  studied,  Weibull  parameters 
were  calculated  and  presented  in  tabular  and  graphic  form. 

The  required  stress  distribution,  in  this  study,  is  obtained  by  converting 
the  stress  spectrum,  known  or  assumed,  to  a  zero  mean  stress  spectrum  using  the 
Goodman  diagram.  The  required  stress  spectrum,  expressed  in  terms  of  equivalent 
stress,  is  obtained  using  Miner's  rule. 

In  the  literature,  it  has  generally  been  assumed  that  both  stress  and  strength 
follow  the  normal  distribution.  The  resulting  interference  distribution,  being 
normal  can  be  easily  evaluated.  In  other  oases  when  the  distributions  sure  not 
normal,  Monte-Carlo  techniques  are  recomeaded.  In  this  study  a  method  waa  davelo] 
ad  to  evaluate  the  complex  integral  resulting  from  the  interference  of  two  distri¬ 
butions  using  the  IBM-7090  Computer.  Tabulated  interference  vt-laws  sure  presented  " 
for  the  stress -normal,  strength-Weibu.il  case  and  the  stress -Weibull,  strength- ^ 
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